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1. Introduction
1.1. Motivation and related work

In this paper we investigate distributed control of multi-vehicle
formations with angle constraints using bearing-only measure-
ments. Our research is motivated by vision-based formation con-
trol of ground and aerial vehicles [ 1-4]. In vision-based formation
control problems, there are usually no wireless communications
among the vehicles; each vehicle can only observe their neighbors
through a passive sensor, camera. As long as a vehicle can local-
ize its neighbors in the image taken by the camera using pattern
recognition algorithms (see, for example, [5, Section V]), the rela-
tive bearings of its neighbors can be easily calculated given the in-
trinsic parameters of the camera [6, Section 3.3]. As a comparison,
it would be much harder to obtain inter-vehicle distances from im-
ages. Detailed vision techniques are out of the scope of this paper.
To sum up, since bearings can be easily obtained from vision while
distances are not, formation control using bearing-only measure-
ments provides a novel and practical framework for vision-based
formation control tasks.
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Multi-vehicle formation control has been studied extensively
under various settings up to now. We next review related stud-
ies from the following two aspects, which are crucial to charac-
terize a formation control problem. The first aspect is: what kinds
of measurements are used for formation control? In conventional
formation control problems, it is commonly assumed that each
vehicle can obtain the positions of their neighbors via, for exam-
ple, wireless communications. It is notable that the position in-
formation inherently consists of two kinds of partial information:
bearing and distance. Formation control using bearing-only [7-12]
or distance-only measurements [13,14] has become an active re-
search topic in recent years. The second aspect is: how the desired
formation is constrained? In recent years, control of formations
with inter-vehicle distance constraints has become a hot research
topic [15-20]. Recently researchers also investigated control of
formations with bearing/angle constraints [8-12,21]. Formations
with a mix of bearing and distance constraints has also been stud-
ied by [22,23].

From the point of view of the above two aspects, the problem
studied in this paper can be stated as control of formations with
angle constraints using bearing-only measurements. This problem
is a relatively new research topic. Up to now only a few
special cases have been solved. The work in [7] proposed a
distributed control law for balanced circular formations of unit-
speed vehicles. The proposed control law can globally stabilize
balanced circular formations using bearing-only measurements.
The work in [8-10] studied distributed control of formations
of three or four vehicles using bearing-only measurements. The
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global stability of the proposed formation control laws was
proved by employing the Poincare-Bendixson theorem. But the
Poincare-Bendixson theorem is only applicable to the scenarios
involving only three or four vehicles. The work in [11] investigated
formation shape control using bearing measurements. Parallel
rigidity was proposed to formulate bearing-based formation
control problems. A bearing-based control law was designed for a
formation of three nonholonomic vehicles. Based on the concept of
parallel rigidity, the research in [ 12] proposed a distributed control
law to stabilize bearing-constrained formations using bearing-
only measurements. However, the proposed control law in [12]
requires communications among the vehicles. That is different
from the problem considered in this paper where we assume there
are no communications between any vehicles and each vehicle
cannot share their bearing measurements with their neighbors.
The workin [21,23] designed control laws that can stabilize generic
formations with bearing (and distance) constraints. However,
the proposed control laws in [21,23] require position instead
of bearing-only measurements. In summary, although several
frameworks have been proposed in [22,11,12,23] to solve bearing-
related formation control tasks, it is still an open problem to
design a control law that can stabilize generic bearing-constrained
formations using bearing-only measurements.

1.2, Challenges

A number of challenging theoretical problems have arisen in
bearing-based formation control. An important one is how to prop-
erly utilize the bearing measurements for control. There are gen-
erally two approaches. The first approach is that each vehicle uses
its bearing measurements to estimate/track the positions of their
neighbors. One may refer to [24] for bearing-only target tracking
algorithms. Once the neighbors’ positions have been estimated,
they can be used for control. Hence in the first approach, the forma-
tion control is still based on position information and conventional
control laws can be applied. But several problems need to be no-
ticed. Firstly, since the positions are estimated from bearings, this
approach leads to a coupled nonlinear estimation and control prob-
lem, whose stability needs to be rigorously analyzed. Secondly, po-
sition tracking using bearing-only measurements requires certain
observability conditions, details of which are out of the scope of
this paper. Intuitively speaking, in order to localize a vehicle from
bearing measurements, we need to measure the bearings of the ve-
hicle from different angles. However, most of the practical forma-
tion control tasks require relative static vehicle positions. Without
relative motion, it is theoretically impossible for a vehicle to esti-
mate its neighbors’ positions from bearings. As a result, consider-
ing this limitation of the first approach, we will follow [8,11] and
adopt the second approach, which is to directly implement forma-
tion control laws based on bearing measurements.

Collision avoidance is a key issue in all kinds of formation
control tasks. This issue is especially important in bearing-only
formation control as inter-vehicle distances are unmeasurable
and uncontrollable. In order to prove collision avoidance, we
need to analyze the dynamics of the inter-vehicle distances in
the absence of distance measurements. As will be shown later,
the distance- and angle-dynamics of the formation are strongly
coupled with each other. To rigorously prove the formation
stability, we need to analyze the two dynamics simultaneously.
Furthermore, asymptotic convergence of the angle-dynamics
would be insufficient to analyze the distance-dynamics. It is
necessary to prove exponential or finite-time convergence rate,
which makes the problem more challenging.

Another challenging and interesting problem is the scale con-
trol of a formation. In fact, the scale of a formation is uncontrollable
with bearing-only measurements, and inter-vehicle distance mea-
surements are required to control the formation scale. One possible

approach to formation scale control is to consider mixed bearing
and distance constraints/measurements. We will leave formation
scale control for future research. In this paper we will not con-
sider distance measurements or constraints. Finally, global stabil-
ity analysis of bearing-based formation control undoubtedly is a
challenging and meaningful research topic. When position mea-
surements are available for formation control, a globally stable
control law has been proposed in [25] to stabilize formations in
arbitrary dimensions with fixed topology. However, when only
bearing measurements are available, up to now control laws that
guarantee global stability are only applicable to formations of three
or four vehicles [8-10].

1.3. Contributions

As a first step towards solving generic bearing-based formation
control, the work in this paper studies an important special case,
cyclic formation, whose underlying information flow is described
by an undirected cycle graph. In a cyclic formation, each vehicle
has exactly two neighbors. The angle subtended at each vehicle
by their two neighbors is pre-specified in the desired formation.
The control objective is to steer each vehicle in the plane such
that the angles converge to the pre-specified values. The main
contributions of this paper are summarized as below.

(i) We propose a distributed control law that can stabilize
cyclic formations merely using local bearing measurements.
Compared to the existing work [8,10], the proposed control
law can handle cyclic formations with an arbitrary number of
vehicles. In addition, this paper does not make parallel rigidity
assumptions [22,21,11] on the desired formation.

(ii) We prove in a unified way that the proposed control
law ensures local exponential or finite-time stability. The
exponential or finite-time stability can be easily switched by
tuning a parameter in the control law. The stability analysis
is based on Lyapunov approaches and significantly different
from those in [8,10].

(iii) The dynamics of the inter-vehicle distances is analyzed in
the absence of distance measurements. It is proved that the
distance between any vehicles can neither approach zero nor
infinity. Collision avoidance between any vehicles (no matter
if they are neighbors or not) can be locally guaranteed.

If the vehicle number is larger than three, the shape of a
cyclic formation would be indeterminate. To well define the shape
of a formation of more than three vehicles, more complicated
underlying graphs of the formation, such as rigid graphs, are
required. More complicated cases are out of the scope of this paper
and will be studied in the future.

1.4. Organization

The paper is organized as follows. Notations and preliminaries
are presented in Section 2. The control objective and proposed
control law are given in Section 3. The main results of this paper,
the basic and advanced analyses of the formation stability, are
presented in Sections 4 and 5, respectively. Simulations are given
in Section 6 to verify the effectiveness and robustness of the control
law. Conclusions are drawn in Section 7.

2. Notations and preliminaries

2.1. Notations

The eigenvalues of a symmetric positive semi-definite matrix
A € R™ aredenoted as 0 < A(A) < A(A) < -+ < Ag(A).
Let1 = [1,...,1]" € R" and I be the identity matrix with
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appropriate dimensions. Denote [ - ]; as the entry at the ith row
and jth column of a matrix, and [ - ]; as the ith entry of a vector. Let
| - | be the absolute value of a real number, and || - ||, be the p-norm
of a vector. For the sake of simplicity, we omit the subscript when
p = 2,i.e, denoting || - || as the 2-norm. The null space of a matrix
is denoted as Null (-). The angle between two vectors is denoted as
L(-y ).

Given an arbitrary angle & € R, the 2 by 2 rotation matrix
—sina
cos«
geometrically rotates a vector in R? counterclockwise through an
angle o about the origin. It is easy to see that for all nonzero
x € R% (i) x"R(e)x > Owhen«a € (—m/2,7/2) (mod 27); (ii)
x"R(a)x = 0 when o = =£7/2 (mod 2r); (iii) and x"R(ct)x < 0
when o € (/2,37 /2) (mod 27). Moreover, we have R™!(a) =
R"(or) = R(—«) and R(e1)R(c2) = R(exq + o) for arbitrary angles

a7 and . Finally, for any x € R?, denote x- = R(;r /2)x. Clearly
x'xt =0.

cos
sin

R(x) = |:

2.2. Graph theory

An undirected graph § = (V, &) consists of a vertex set V =
{1,...,n} and an edge set & € V x 'V, where an edge is an
unordered pair of distinct vertices. The undirected edge between
vertices i and j is denoted as (i, j) or (j,i). If (i,j) € &, theni
and j are called to be adjacent. A path from i to j in a graph is a
sequence of distinct nodes starting with i and ending with j such
that consecutive vertices are adjacent. If there is a path between
any two vertices in §, then § is said to be connected. The set of
neighbors of vertex i is denoted as &; = {j € V : (i,j) € &}.
An undirected cycle is a connected graph where every vertex has
exactly two neighbors.

An orientation of an undirected graph is the assignment of a
direction to each edge. An oriented graph is an undirected graph
together with a particular orientation. A directed edge (i, j) in the
oriented graph points from vertex i to vertex j. The incidence matrix
E of an oriented graph is the {0, &1}-matrix with rows indexed
by edges and columns by vertices. More specifically, suppose (j, k)
is the ith directed edge of the oriented graph. Then the entry of E
in the ith row and kth column is 1, the one in the ith row and jth
column is —1, and the others in the ith row are zero. Thus we have
E1 = 0 by definition. Moreover, if the graph is connected, we have
rank(E) = n—1[26, Theorem 8.3.1] and hence Null (E) = span{1}.

2.3. Useful lemmas
We next prove and introduce some useful results.

Lemma 1. Let U £ {x € R" : x # 0 and nonzero entries of x are
not of the same sign }. Suppose A € R™ " is a positive semi-definite
matrix with A1(A) = 0and A,(A) > 0.If 1 =[1,...,1]T € R%is
an eigenvector associated with the zero eigenvalue of A, then

XTAX  a(A)
xeu X'x  n

Proof. See Appendix A.

Remark 1. By the definition of U, any x € U should at least
contain one positive entry and one negative entry. If the nonzero
entries of x are all positive or negative, then x ¢ U.

Lemma 2. Let x(t) be a real positive scalar variable of t € [0, +00).
Given any positive constants a and k, if the time derivative of x(t)

satisfies

t
|x(t)| < aexp (/ —I—cdr>, t € [0, +00), (1)
o X(7)

then x(t) for allt € [0, +00) has a finite upper bound.
Proof. See Appendix B.

Lemma 3 ([27, Lemma 2]). Let X1, ...,x, > 0. Givenp € (0, 1],
then

(Xn:xf)p < ZXf’ <n!P (Zn:x,-)p.

i=1

Lemma 4 (28, Corollary 5.4.5]). Let || - |l and || - ||g be any two
vector norms on R". Then there exist finite positive constants C,, and
Cum such that Gy llx|le < lIXllg < Cullxlle for allx € R™.

3. Problem formulation
3.1. Control objective

Consider n (n > 3)vehicles in R?. Denote the position of vehicle
i as z; € R?. The dynamics of each vehicle is modeled as
Z =,
where u; € R? is the control input to be designed. This
paper focuses on cyclic formations (see Fig. 1), whose underlying
information flow is described by an undirected cycle graph. In a
cyclic formation, each vehicle has exactly two neighbors. Denote 6;
as the angle at vehicle i subtended by its two neighbors (see Fig. 1).
The angle 6; is specified as ;" € [0, 2mr) in the desired formation.
The desired angles {6;}]_, should be feasible such that there exist
{zi}i_; (zi # z; fori # j) to realize the desired formation. We make
the following assumptions on {6;"}i_; and {z;(0)}{_,.

Assumption 1. In the desired formation, 6 # 0 and 6" # 7 for
allie {1,...,n}.

Remark 2. Assumption 1 means no three consecutive vehicles
in the desired formation are collinear. The collinear case is a
theoretical difficulty in many formation control problems (see, for
example, [16,17,20,10]). In practice, bearings are usually measured
by optical sensors such as cameras. Hence vehicle i cannot measure
the bearings of its two neighbors simultaneously when 6; = 0
due to line-of-sight occlusion. On the other hand, the field-of-
view of a monocular camera is usually less than 180 degrees.
Hence vehicle i cannot measure the bearings of its two neighbors
simultaneously either when 6; = 7 due to limited field-of-view.
Thus Assumption 1 is reasonable from the practical point of view.

Assumption 2. In the initial formation, no two vehicles coincide
with each other, i.e., z;(0) # z;(0) for all i # j.

The formation control objective is summarized as below.

Problem 1. Under Assumptions 1 and 2, design control input u;
for vehicle i (i = 1,...,n) based only on the local bearing
measurements of its two neighbors such that the formation is
steered from its initial position {z;(0)}!_, to a finite final position
{zi(t;)}1_, where 6;(t;) = 6;. The final converged time t; can be
either infinite or finite. During the formation evolution, collision
avoidance between any vehicles should be guaranteed.

3.2. Control law design

We next define some notations and then propose our formation
control law. In the cyclic formation, we can have #; = {i— 1, i+ 1}
fori € {1,...,n} by indexing the vehicles properly (see Fig. 1).
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Fig. 1. An illustration of cyclic formations.

Then vehicle i can measure the bearings of vehiclesi — 1and i + 1.
The indices i + 1 and i — 1 are taken modulo n. Denote

e £ Ziy1 — 2 (2)

as the edge vector pointing from vehicle i to vehicle i 4+ 1. Then the
unit-length vector
a2 &

llesl]

8i

characterizes the relative bearing between vehicles i + 1 and i
(see Fig. 1). Thus the bearings measured by vehicle i include g; and
—gi_1. The control input u; will be designed as a function of g; and
—8i-1-

The angle 6; € [0, 27) is defined in the following way (see
Fig. 1): rotating —g;_1 counterclockwise through an angle 6; about
vehicle i yields g;, which can be expressed as

8 = R(O)(—gi-1).
When 6; is defined in the above way, the angles 6; and 6;,, are on
the same side of e; for alli € {1, ..., n}. As a result, the quantity

Y i, 6;isinvariant to the positions of the vehicles because the sum
of the interior or exterior angles of a polygon is constant. Thus if
2in1 0i0) = 31, 07 then 3 5L 6,(6) = DL, 607

The angle error for vehicle i, which will be used for feedback
control, is defined as

& 2 cosf; — cos 0 = —glg; | — cos ;. (3)
The nonlinear control law for vehicle i is designed as

u; = sgn(ep)|eil*(gi — gi—1), (4)
where a € (0, 1] and sgn(;) is defined by

1 ifé‘j >0
sgn(e;)) =30 ife;=0
-1 ifSi < 0.

In the special case of a = 1, control law (4) becomes u; = &;(g; —
gi_1) because sgn(e;)|ei| = &;.

Remark 3. It should be noted that sgn(e;)|;|® is continuous in ¢; for
a € (0, 1]. Thatis because lim,,_, o+ sgn(e;)|&;|* = lim,,_, o~ sgn(e;)
lei|* = 0. Therefore, the control law is continuous in &; and there
are no chattering issues when ¢; varies around zero.

Remark 4. Note a # 0 in the control law. When a = 0, control
law (4) will be discontinuous in ¢;. Then the stability analysis
will rely on tools for discontinuous dynamic systems [29,30]. The
discontinuous case of a = 0 is out of the scope of this paper.

Clearly (4) is a distributed control law as it only relies on the
bearings of vehicle i's neighbors. Moreover, although g; and g;_1 in
(4) are expressed in a global coordinate frame, the control law can
be implemented based on the local bearings measured in the local
coordinate frame of vehicle i. To see that, denote R; as the rotation
transformation from a global frame to the local frame of vehicle i.
Then the bearings of vehicles i — 1 and i + 1 measured in the local
frame are R;(—g;_1) and R;g;, respectively. Note ¢; defined in (3) is
invariant to R;. Then substituting R;(—g;_1) and R;g; into (4) gives
Ui local = SgN(&1)|&i|“Ri(gi — gi—1). Converting u; jocal into the global
frame would yield the same control input value given by (4).

As will be shown later, control law (4) ensures local exponential
stability if @ = 1, and local finite-time stability if a € (0, 1).
Loosely speaking, finite-time stability means ¢&; for all i converges
to zero in finite time. See [31] or [32, Section 4.6] for a formal
definition of finite-time stability of nonlinear systems. Besides fast
convergence, finite-time stability can also bring benefits such as
disturbance rejection and robustness against uncertainties [31,33,
34].In this paper, we will present a unified proof of the exponential
and finite-time stability based on Lyapunov approaches.

4. Basic stability analysis

In this section, we first propose a continuously differentiable
Lyapunov function and then show its time derivative under control
law (4) is non-positive.

4.1. Lyapunov function

Denote & = [e1,...,&]" € R"andz = [z],...,21]T € R*.
It is straightforward to see from (4) that ¢ = 0 implies Z = 0 and
then ¢ = 0. Hence ¢ = 0 is an equilibrium of the e-dynamics.
Consider the Lyapunov function

-1 n
V) = —— Y R
(&) a+1;|,|

Clearly V is positive definite with respect to ¢ = 0. In the special
case of a = 1, we have V = 1/2¢"¢, which is a quadratic function
of e.

We next show V is continuously differentiable in ¢. (i) If &; >

Bl oeft! a a
0. 5% = 5 = (a+ Def = (a+ 1)sgn(e)|e;|® and hence
. a1g.(0+1 B PYPRTES| a1
lim, _or 295 = 0. (i) If & < 0, 2L = 205 — (g4

a+1
1D(—&)® = (a + 1)sgn(e)|e;|* and hence lim,,_, o- a‘gli'_+ = 0.
g &i—0 de;

From (i) and (ii) we have
a|8i|a+l .

e = (@t Dsgnelail’, Ve €R. (3)

1

Note sgn(g;)|&;|® is continuous in & for a € (0, 1]. Thus |g;|*"!
is continuously differentiable in &;. As a result, V is continuously
differentiable in ¢.

4.2. Time derivative of V

We next derive the time derivative of V under control law (4)
and show it is non-positive. For the sake of simplicity, denote

o; £ sgn(ep) e’
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ando = [0y, ..., 0,]" € R Then control law (4) can be rewritten
asz; = o;(g; — gi—1), and (5) becomes d|¢;|*"!/d¢e; = (a+ 1)0;. The
time derivative of V is

n

. 1 et
V = &
a-+ 1 ; 88,’ !

=Y it (By(5)
i=1

n

=Y oi(—glgi1—g &) By(3)
i=1
n n

=Y oi—g&)+ Y oi(—g &)
i=1 i=1

n n
= Z Oir1(—818) + Z oi(—g18)
i=1 i1

n
— Y Oingis1 +oigi )8 (6)

i=1

Since g; = e;/||e;||, we have

g = & e de]
Y el lledl? de
1 e; el \. 1 .
= <1 - )ei £ —Pe;, (7)
lleil] lleill lle:ll lleill

where P; = | — g,-giT . Note P; is an orthogonal projection matrix
satisfying T = P; and P? = P;. It is straightforward to see
that Null (P;) = span{g;} and P; is positive semi-definite because
x"Px = x"PIPx = ||Px||> > 0 for all x € R?. Furthermore, from

(2) and control law (4), we have
€ = Ziy1 — %

= 0i1+18i+1 + 0igi—1 — (0it1 + 01)g;. (8)
Because P;g; = 0, substituting the above é; back into (7) gives

1
= ml’i(ﬂmgm + 0igi-1)-
1

&
Substituting the above g; back into (6) yields

n

1
- Z M(O'ngH-l + 0igi—1)"P;(0i418ir1 + 0igi—1)
i=1 1

<o. 9

%

Now we can claim the equilibrium ¢ = 0 is at least Lyapunov
stable.

We next derive the matrix form of (9), which will be useful to
prove exponential and finite-time stability. To do that, we need the
following lemma.

Lemma5. Let g& = R(w/2)g;. It is obvious that ||gt]| = 1 and
1 1

(g")"g = 0. Furthermore,

(i) P =g (g")"
(ii) (g")"g = —(gM) g forall i # j.
(iii) (g")"gi_1 = sin6;. As a result, (g-)"gi_1 > 0if 6; € (0, 7);
and (g)"gi-1 < 0if 6; € (, 27).

Proof. See Appendix C.

Substituting P; = g;*(g:")" as shown in Lemma 5(i) into (9)
yields

n
. 1 2
V=->" e (€H(Git18i+1 + 0igi1)
i=1 1
— 1 - . l T . . L T . 2
= n ((71+1(g,' ) &ir1+0i(g) glfl)
> el =t
=1
1
= - €N, (10)
> el
i=1
where
[ 02(81) g + 01(81) " gn
§ = :
| o1(87)"81 + 0n(gy) 8n1
[(g1)"gn (gli)ng 0 .- 0
0 @)'er @)'g - 0
- 0 0 @)'g - 0
(&) g1 0 00 (&) g
01
02
x | 93
On
1 —1 0 0
0 1 —1 0
—1 0 0 1
EERHXH
[e)'en O 0o - 0
0 @)'&; oo 0
x 0 0 @)'m - 0
L o 0 0 (g) '8
DEJR"XH
o,
02
x |93 ]. (11)
_Gn
The last equality above uses the fact that (g")7gi-1 = — (g ) g

given by Lemma 5(ii). Substituting (11) into (10) yields

o1

- n
> leill
i=1

Inequality (12) is very important and will be used to prove the
exponential and finite-time stability of the control law in the next
section. We would like to mention that D is a diagonal matrix and
E1 = 0.1t can be easily checked that E is the incidence matrix of an

o"D'EEDG . (12)
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oriented cycle graph. Thus we have rank(E) = n — 1[26, Theorem
8.3.1] and hence Null (ETE) = Null (E) = span{1}.

5. Exponential and finite-time stability analysis

Based on inequality (12) obtained in the previous section,
we next prove the exponential and finite-time stability of
control law (4). The proof of our main result consists of three
relatively independent steps, each of which will be summarized
as a proposition. As aforementioned, the inter-vehicle distance
dynamics is a theoretical difficulty. We will particularly analyze
this issue in the second and third steps. More specifically, the
second step shows that the distance between any two vehicles
cannot approach infinity; the third step proves that the distance
between any two vehicles (no matter if they neighbors or not)
cannot approach zero during formation evolution.

At this point, it is still unclear whether any vehicles may collide
with each other during formation evolution. Nevertheless, we can
always assume there is a “collision time” T, € (0, +00), at which at
least two vehicles collide with each other. Note T, could be infinity.
If T, is infinity, there would be no collision between any vehicles
during the whole formation evolution. In fact, we will later prove
T, to be infinity given sufficiently small initial error &o. But at this
point we are only able to claim that inequality (12) is valid only for
t €[0,T,).

Denote £2(c) 2 {¢ € R" : V(e) < c} withc > 0 as the level
set of V(¢). Note V can be writtenas V = 1/(a + 1)||8||ﬁi} where
Il - lla+1 is the (a + 1)-norm. Hence §2(c) is compact [28, Corollary
5.4.8]. Because V < 0 as shown in (12), the level set £2 (V(&g)) is
also positively invariant with respect to (4).

Proposition 1. Under Assumptions 1 and 2, if the initial error &g is
sufficiently small, then there exists a positive constant K such that

: K
V< -

VET, Vtel0,T.). (13)

n

> leill
i=1

Proof. Suppose ¢ # 0 < ¢ # 0.Rewrite 0 "/D'ETEDo on the right
hand side of (12) as

oTDTETEDo) <0TDTD<7) 20

v, 14
o™D"Do v (14)

term 2

o"D"ETEDe = (

term 1

Step 1: analyze term 2 in (14). At the equilibrium point & = 0
(ie, 6; = 67 for all i), we have [D]; = (gil)Tgi_1 # 0 because
0 # 0 or m as stated in Assumption 1. Thus by continuity we
have [D]; # 0 for every point in £2(V(gg)) if &g is sufficiently
small. Then D'D = D? is positive definite and hence A;(D'D) > 0
for all ¢ € £2(V(&p)). Since £2(V(gp)) is compact, there exists a
lower bound A,(D'D) > 0 such that A;(D'D) > A,(D'D) and
consequently

o'D'Do > A,(D'D)o’o (15)

for all e € £2(V(&p)). In addition, since 2a/(a + 1) € (0, 1], we
have

1 % n uz%l
2a a

Varl = et
(H]) <;| il

< ! )D P )
= &i By Lemma 3
a+1 =

2a
1 \# &
:<a+l) > of Byle =op)

i=1

1\
= < ) o'o. (16)
a+1

Thus (15) and (16) imply
A, (D'D)o o

Vzi - 1 _2a_
a+1 a+1 ~T
(a+1) o0

o'D'Do

2a
= (a+ 1)@+14,(D'D) (17)

foralle € £2(V(gg)) \ {0}.
Step 2: analyze term 1 in (14). Define

cos; — cos o/
W= ———7—""

0; — 0
Note limgﬁgi* w; = —siné; by L’'Hopital’s rule. Thus w; is well
defined even if 6; — 6 = 0. Denote §; £ 6; — 6} and recall

& = cos 6; — cos 6;". Then we have &; = w;d;, whose matrix form is
e =W§,

where W = diag{w1, ..., wp} € R"™"and§ = [81, ..., 6,]T € R™.
On one hand, when &y is sufficiently small, we have 6; is sufficiently
close to 6; such that both 6; and 6;* are in either (0, ) or (7, 27)
foralle € £2(V(g9)). It can be examined that w; < 0 when§;, 67 €
(0, ), and w; > 0 when 6;, 67 € (,2m). On the other hand,
[Dlii = (g")"gi—1 > Owhen6; € (0, ),and [D]; = (g7")"gi-1 < 0
when 6; € (7, 27) as shown in Lemma 5(iii). Thus we always have

[D]iw; <0

foralli € {1,...,n}and all ¢ € £2(V(g)), which means the
diagonal entries of DW are of the same sign. However, because
Y= >16F < Y, 8 = 0, the nonzero entries in § are
not of the same sign. Hence the nonzero entries of D¢ = DW$§ are
not of the same sign. Furthermore, because o; has the same sign as
&;, the nonzero entries of Do are not of the same sign either. Thus
Do € U where U is defined in Lemma 1. The above arguments
are illustrated intuitively in Fig. 2. Recall Null (ETE) = Null (E) =
span{1}. Therefore, by Lemma 1 we have

o™D'ETEDe A, (ETE) (18)
o™D"Do n
Step 3: substituting (17) and (18) into (14) yields
Ao (ETE o o
oD EEDs > 2EE) (4 1)@+, (D'D) V. (19)
n

K

Then (13) can be obtained by substituting (19) into (12). Note (12)
holds forall t € [0, T.), and so does (13). O

Proposition 1 requires &g to be sufficiently small, but does not
give any explicit condition of y. In order to determine the region of
convergence, we next give a sufficient condition of &g which ensures
the validity of Proposition 1. The proof of Proposition 1 requires
&p to be sufficiently small such that (i) [D]; # 0 and (ii) both
6; and 0 are in either (0, ) or (7, 27) for all ¢ € $£2(V(&g)).
Since [D]; = 0 if and only if 6; = 0 or 7, condition (ii) implies
condition (i). Denote A; = min{6}, |6; — m|,27r — 6} and & =
min{| cos(6;" + A;) — cos 6|, | cos(6 — A;) — cos;|}. Then we
have the following sufficient condition. If &g satisfies

1
V(eo) < 1 miin g, (20)
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DW:: same sign

d: not same sign

} == DW§ = De: not same sign == Do not same sigh == Do € U

Fig. 2. Illustrate how to obtain Do € U.

then condition (ii) can be satisfied and hence Proposition 1 is valid.

To see that, for any j € {1,...,n}, we have H%|sj(t)|““ <

7 Y a1 = V(@) < V() < g7min gttt <
ﬁéﬁ“. Thus |g;(t)] < g forallt € [0, T.). Since the cosine
function is monotone in (0, ) or (7, 2m), we have [gi(t)] <
g == 10i(t) — 6| < A; and hence condition (ii) is valid. It should
be noted that A; # 0 because 6;* # 0 or 7. Therefore, & > 0 and
hence the set of gy that satisfies (20) is always nonempty.

Since the inter-vehicle distances are not controlled directly, we
cannot simply rule out the possibility that ZL |lej]] in (13) may go
to infinity. Based on Proposition 1, we next further prove 2?21 lleill
is bounded above by a finite positive constant.

Proposition 2 (Finite Inter-vehicle Distance). Under Assumptions 1
and 2, if (13) holds and the initial error &q is sufficiently small such
that V(e9) < 1, then there exists a finite constant y > 0 such that

n
D el <y, Vtelo,To),

i=1
which holds even if T, = +o00. As a result, (13) implies

. K  2a
V<——Vita, Vtel0,T,). (21)
14

Proof. Denote p(t) £ 2?21 |le;(t) ]| for the sake of simplicity. The
time derivative of p is
5y dleil

— dt

i=1

n

T.

= § & i
i=1

=Y &loi1(gis1 — &) +oi(g1—g)] (By(8))
i=1

n
= Z[Ui+1(giTgi+1 — 1)+ 0i(g'gi-1 — D]

i=1

n n
= Zai(g,'];]gi -1+ Zo'i(g;rgi—l -1
i1 P

n
=2) oilgg1—1)
i=1
=0,
where v = [vy, ..., v,]" € R" with v; = 2(ggi_1 — 1). By the
Cauchy-Schwarz inequality, we have
1pl = 'e| < vl el < Blloll, (22)

where 8 is the maximum of ||v|| over the compact set £2(V (gp)).
Furthermore, note

2a

2a =7
20 1 a1 n a+1
Vit = ( ) (Zlefl"“)
a+ 1 i=1

2a
1 a1 n
= <a+1) = > _leil* (ByLemma 3)

nl+a i=1

1 \&1 1
= ( ) — o |I?,
a+1 niFa

which implies

1 2a

2 2a 1-—a _2a_
”0’” < (a4 1)etinita Vatt, (23)
——
K

Substituting (23) into (22) yields

16| < BV T, (24)
On the other hand, if &g is sufficiently small such that V(gg) < 1,
2a
then Vi+e > V forall ¢ € £2(V(ep)) as2a/(1 + a) < 1. Thus (13)
implies
. K 20 K
V<——Vita < ——V
0 P

for e € £2(V(&p)). By the comparison lemma [35, Lemma 3.4], the
above inequality suggests

t
V(t) < V(0)exp </ — K dr). (25)
o p(7)
Substituting (25) into (24) yields
. t 4K
] < BV/kV(0)@+ exp (/ - dr). (26)
0 p(T)

Note (26) holds for t € [0, T;).

Based on (26) we draw the following conclusions. (i) If T, is
infinity, (26) holds for t € [0, +00). By Lemma 2 there exists a
finite constant that bounds p(t) above for all t € [0, 4+00). (ii) If T,
is finite, it is obvious that p(t) is finite for all t € [0, T.) because the
speed of each vehicle is finite. In either case, denote y as the finite
upper bound of p. Then it is evident to have (21) from (13). O

Remark 5. Since the formation is a cycle, the distance between
any two vehicles (even they are not neighbors) is smaller than
Z?:l |le;]l. Hence Proposition 2 implies that the distance between
any vehicles is always finite during the whole formation evolution.

Collision avoidance is an important problem in various forma-
tion control tasks. It is especially important for bearing-based for-
mation control as the inter-vehicle distances are unmeasurable
and uncontrollable. Based on the results of Proposition 2, we next
further prove no vehicles will collide with each other under control
law (4) during the whole formation evolution.

Proposition 3 (Collision Avoidance). Under Assumptions 1 and 2,
if (21) holds and the initial error gq is sufficiently small such that
V(eo) < 1, then there exists a positive constant n such that

n
> llzit) = z(O)|l < nlleollgyy. Ve €10, To). (27)
i=1

Furthermore, if & satisfies

12;(0) = z(O) [ > nlleollgs (28)
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forallj,k € {1,...,n}andj # k, then T. = 400 and the distance
between any two vehicles is bounded below by a positive constant
during the whole formation evolution.

Proof. We first prove (27). The quantity ZL] llzi(t) — z(0)]
actually characterizes the “distance” from the formation at time
t to the initial formation. Recall

t
2(0) — 2(0) = / 01(g — gi_)d
0

by control law (4). Then we have

D lz) =z =)
i=1 i=1
S n

t
> / leil’llgi — g lld
i=1 70

n
<2 'S laftdr (Because g — g1
i=1

< gl + gl = 2
<2 [ leoar

(By Len;)ma 3)
<ot [ ez

0

(By Lemma 4). (29)

t
/ oi(gi — gi—1)dr
0

If gq is sufficiently small such that V(gg) < 1and hence V(t) < 1

forallt € [0, T;), then VlzTaa >V as2a/(1+ a) < 1. Consequently
(21) implies

. K ou K
V<-——Via<——V,
1 1

which suggests

V() <V(0)e ¥, Vtel0,T.). (30)
SubstitutingV = 1/(a + 1)||8||Zi} into (30) yields

K
— st
le@®)lla+1 < l€(0)|lg+1e @FDY".

Substituting the above inequality into (29) gives

n t ak
>zt = z(0)|| < 2n'°C / le(@) 1§, e @7 "dr
i=1 0

a+1 __ak
= 2n'"Clle(0) || @+ Dy (1 —e <u+1>y‘)

a+1 ak
2n'"9Cla+ 1)y
=S lle(0)lg1 (31)
N——— —

n

forallt € [0, T,).

With the above preparation, we now prove collision avoidance
by contradiction. Assume vehicles j and k collide at a finite time T,
which means

Zj(Tc) = Zk(Tc)~ (32)

Note vehicles j and k are not necessarily neighbors. However, since
z(t) — zi(t) = 7;(0) — z(0) — [z (t) — z(0)] — [2(0) — z(1)], the

distance between vehicles j and k satisfies

lzj(t) — z ()] = 11Z(0) — (0)]| — llzk(t) — z (0]
—lizi(®) =z O]

> 1zi(0) — z(0)|| — Z llzi(t) — z:(0) ||
i=1
> 1zj(0) — z(0)|| — nlle(0)llg 4
(By (31))
>0, Vtel0,T,). (33)

The last inequality is by the condition (28). Inequality (33) indicates
that the distance between any two vehicles is bounded below by
a positive constant for all t € [0, T,). Clearly (32) conflicts with
(33). Thus we have T. = +o00 and collision avoidance between any
vehicles can be ensured. 0O

Remark 6. As shown in (32) and (33), it is not assumed that vehi-
cles j and k are neighbors. Hence collision avoidance is guaranteed
between any vehicles no matter if they are neighbors or not.

We next summarize Propositions 1-3 and give the main
stability results as below.

Theorem 1. Under Assumptions 1 and 2, the equilibrium ¢ = 0 is
locally exponentially stable by control law (4) if a = 1, and locally
finite-time stable if a € (0, 1). Collision avoidance between any
vehicles (no matter if they are neighbors or not) is locally guaranteed.

Proof. By Propositions 2 and 3, we have

V< _g‘/‘%’ Vt € [0, +00), (34)
given sufficiently small £(0). From (34) we conclude: (i) If a €
(0, 1) and hence 2a/(1 + a) € (0, 1), the solution to (4) starting
from £2(V (g9)) converges to e = 0O in finite time [31, Theorem 4.2].
(ii) If a = 1 and hence 2a/(1 4+ a) = 1, the equilibrium ¢ = 0is
locally exponentially stable [32, Theorem 3.1]. Collision avoidance
has already been proved in Proposition 3. O

Remark 7. As shown in Propositions 1-3, if &g satisfies (20), (28)
and V(gyp) < 1, then the convergence and collision avoidance
can be guaranteed. Note the right hand side of (20) is less than
one. Hence (20) implies V(gg) < 1. As a result, we can obtain
a convergence region from (20) and (28). But this convergence
region may be conservative. The real convergence region is not
necessarily small, which will be illustrated by simulations.

Up to this point, we have been primarily focusing on the con-
vergence of e(t). It should be noted that the convergence of &(t)
does not simply imply the formation {z;(t)}?_; converges to a fi-
nite final position. But this issue can be solved by the exponential
or finite-time convergence rate. Specifically, control law (4) implies
that z;(t) = z;(0) + fot oi(gi — gi—1). Since &; converges to zero ex-
ponentially or in finite time, the function o;(g; — g;_1) is integrable
even if t — 4o0. As a result, {z;(t)}!_; will converge to a finite
position and control law (4) successfully solves Problem 1.

Remark 8. The exponential or finite-time stability not only shows
the fast convergence rate of the proposed control law, but also
is necessarily useful for proving the finite position of the final
converged formation. It is notable that similar problems also
appear in control of distance-constrained formations [36, Section
V], where the exponential convergence rate of distance dynamics
is first proved and then used to prove the formation converging to
a finite final position.
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Fig. 3. Formation and angle error evolution with n = 5 and 6}

At last, we characterize a number of important behaviors of
the formation evolution. (i) Inequality (27) intuitively indicates
that the final converged formation would not move far away from
the initial formation if the initial angle errors are small. (ii) From
control law (4), it is obvious that z = 0if ¢ = 0.It intuitively means
that the vehicles will stop moving once the angles achieve the
desired values. (iii) Another important behavior of the formation is
thatz = 0if¢ = 0. Thatisbecause e =0=>V =0=V =0=
& = 0 = z = 0. The intuitive interpretation is that control law (4)
cannot change the positions of the vehicles without changing the
angles in the formation.

6. Simulations

Simulations are presented in this section to verify the effective-
ness and robustness of the proposed control law.

The desired formation in Fig. 3 is a non-convex star polygon
with n = 5. The angle at each vertex in the desired formation is
07 = --- = 6 = 36°. As can be seen, the proposed control law
can effectively reduce the angle errors. The desired formation in
Fig. 4 is a ten-side polygon, where the angle at each vertex is 67
.-+ = 0}, = 144°. In the stability analysis, we assume the initial
error ¢(0) is sufficiently small such that §;, 6 € (0, w) or (7, 27)
for all points in £2 (V (g¢)). However, this assumption is not satisfied
in the example where 6;(0) = 7 fori = 2,3,7,8, 10 and 65(0) €

yapunov function

g and L

yapunov function

g and L
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........ e
I
— V H
03 F 1
_04 L L L L
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Time (sec)
=~--=0:=36°.

(7w, 2m) but 62 € (0, 7). As can be seen, the desired formation
can still be achieved. The simulation suggests the convergence
region of the desired formation by the proposed control law is not
necessarily small. As shown in both Figs. 3 and 4, the angle errors
and the Lyapunov function converge to zero in finite time ifa < 1.

Fig. 5 demonstrates the robustness of the proposed control
law against measurement noises and vehicle motion failure. In
Fig. 5(b), we add an error to each ¢; to simulate measurement
noises. Each error is randomly drawn from a normal distribution
with mean 0 and standard deviation 1. In Fig. 5(b), vehicle 4 fails to
move. As can be seen, the proposed control law still performs well
in the presence of measurement noises or motion failure of one
vehicle.

7. Conclusions

This paper studied a relatively new formation control topic:
distributed control of formations with angle constraints using
bearing-only measurements. We proved that the proposed control
law can locally stabilize cyclic formations exponentially or in finite
time. Collision avoidance between any vehicles can also be locally
guaranteed. The stability analysis based on Lyapunov approaches
should be useful for future research on more complicated bearing-
based formation control problems.
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Fig. 4. Formation and angle error evolution withn = 10 and 6 = - -- = 6 = 144°.

The work in this paper is a first step towards solving generic
bearing-based formation control problems. There are several im-
portant directions for future research. Firstly, this paper only
considered cyclic formations; formations with more complicated
underlying graphs need to be studied in the future. Secondly,
in order to control the formation scale, bearing-only constraints
and measurements would be insufficient; distance constraints and
measurements need be introduced. Distributed control of forma-
tions with mixed bearing and distance constraints using mixed
measurements is of both theoretical and practical importance.

Appendix A. Proof of Lemma 1

By orthogonally projecting x € U to 1 and the orthogonal
complement of 1, we decompose x as

X = Xo + X1,

where xo € Null (A) and x; L Null (A). Let ¢ be the angle between
1 and x. Then we have ||xg|| = cos ¢||x|| and ||x1|| = sing||x||. As a
result,

X'Ax = x]Ax,
A2 (A)x1x,
ha(A) sin® @] x]1%. (35)

%

By the definition of U, any x in U would not be in span{1}. That
means ¢ # 0 or 7 and hence sing # 0. We next identify the
positive infimum of sin ¢.

Define U, = {x € R" : x # 0 and nonzero entries of x are
all positive} and U, = {x € R" : x # 0 and nonzero entries of x
are all negative}. Let U = {0} U U, U U,,. Clearly U U U = R™.
It is easy to see U is a closed set and hence U is an open set.
Fig. 6 shows a 2D example to illustrate the above notations. De-
note U as the boundary of U. The vector 1 € U is isolated from
any x € U by 0U. Then we have infycq, ¢ = minyeyqy £(x, 1) and
SUDycq @ = Maxyepu £(x, 1). In fact, the boundary dU is formed
by the hyper-planes [x]; = O withi € {1, ..., n}. Denote p; € R"
as the orthogonal projection of 1 on the hyper-plane [x]; = 0. Then
Mingeyy Z(x, 1) = Z(p;, 1) and maxyeyoy Z(x, 1) = Z(—p;, 1). Note
the ith entry of p; is zero and the others are one. It can be calculated
that cos Z(&p;, 1) = Z£+/n — 1/4/n and hence sin Z(£p;, 1) =
1/4/n. Thus

1
inf sino —
fnfsine = 7
substituting which into (35) yields

XA A (A)
inf — = .
xeu xTx n
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(c) In the presence of vehicle motion failure (Vehicle 4 fails to move).
Fig. 5. An illustration of the robustness of the proposed control law against measurement noise and vehicle motion failure.n = 4and 6; = - -- = 6; = 90°.
Appendix B. Proof of Lemma 2 L.
x(t) <x(0) + [ [x(7)|dz. (36)
0

The proof consists of three steps.

Step 1: Prove the special case of « = 1and k € (0, 1).

The idea of the proof is to repeatedly utilize inequality (1) and
the following inequality

First of all, because x > 0, we have —k/x < 0 and hence by (1) we
have

x(t)] < exp(0) = 1,
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substituting which into (36) gives
t
x(t) < x(0) —}—/ 1dt =t +c,
0

where ¢ = x(0). Substituting the above inequality back into (1)

yields
/ ¢ k p
ex — T
P 0 T4+¢cC

x(0)]
t
exp (—k In + C)
c

3 c k
- \t+c)
Again by (36) we have

t c k
X(O)—l—/; (t—{—c) dr

c -k _ 1k
X(O)+ﬂ[(t+C) —C ]

IA

x(t)

IA

k

< t+o)t*, (37)

1—k
where the last inequality uses the fact c = x(0),1 — k < 1 and
hence x(0) — ¢/(1 — k) < 0.Denote ; = (1 — k)/c¥. Substituting
(37) into (1) gives

t
[X(t)| < exp ( f —uk(z + c)k_1dt>
0

exp (—pu(t +0)* + puc”)
1—ke—u(t+c)k

=e
One more by (36) we have

t
x(t) < x(0) + el"‘/ e T+ g p
0

“+00
< x(0) +e'k f e+ gr, (38)
0

Let s = u(t + o)*. Then dr = (1/k)u~*s'/¥~1ds. The above
integral becomes

400 X 1 1 +oo 1
/ e HTHO = 7117,—(/ eSstlds
0 k /ACk

1 1 +o00 1
< —pk e Ssk~1ds
0

1 1 1
= —M k[ — 5 (39)
k k

where I'(1/k) is the well-known Gamma function and it has a
positive value at 1/k > 0. By substituting (39) into (38), we find
a finite upper bound for x(t) as

1 1 1-k 1
x(t)<y:x(0)+iu ke I i)

Step 2: Prove the special case of « = 1and k € [1, 4+00).
Consider a constant ky € (0, 1). Then k > kq. Since x(t) > 0 for
all t € [0, +00), we have

t k bk
———dt < ———dbr,
o X(1) o x(7)
which implies

[X(t)| < ex (/t—kdr) <ex (/r—kodr)
=P\ Tx@ "\ Tx@ )

Then by Step 1 there exists a finite upper bound y such thatx(t) <
y forallt € [0, +00).

leld

reld

§ |
Ny

Fig. 6. A 2D illustration for the proof of Lemma 1.

Step 3: Prove the generic case of ¢ € (0, +00) and k € (0, +00).

Note the combination of Step 1 and Step 2 indicates that x(t) is
bounded above if « = 1and k € (0, +00). When @ € (0, 4+00),
inequality (1) can be rewritten as

x(t)\ t o k/a
(7) =P </0 _x<r>/adf)'

By Step 1 and Step 2, we know x(t) /« is bounded above, and so is
x(t). O

Appendix C. Proof of Lemma 5

(i) Denote G; = [g;, g1 € R>*2. It is easy to examine that G; is an
orthogonal matrix satisfying G,-TG,- = G,C,-T = I. Hence we have

gig +8- @) =GG =1.
Thus g (gH)" =1 — gig] = P..

(i) (g")"g = &'R"(7/2)g; = g'R(—7/2)g; = g/R(—m)R( /2)g
=g'R(—m)g" = g/ (-Dg" = —(g")"g:.

(iii) By the definition of 6;, we have g; = R(6;)(—g;_1) and hence
gi-1 = —R(—6))g;. Then

&")'gi-1 = —g'R (—%> R(—0)gi

T
--in (o)
T T
= gl [R (=% - ) &] cos (- - &)
= sin 6.

Then it is straightforward to have the rest results in Lemma 5(iii).
0
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