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Motion Planning for Aerial Pick-and-Place With
Geometric Feasibility Constraints

Huazi Cao, Jiahao Shen, Cunjia Liu , Member, IEEE, Bo Zhu , Member, IEEE,
and Shiyu Zhao , Member, IEEE

Abstract— This paper studies the motion planning problem
of the pick-and-place of an aerial manipulator that consists
of a quadcopter flying base and a Delta arm. We propose a
novel partially decoupled motion planning framework to solve
this problem. Compared to the state-of-the-art approaches, the
proposed one has two novel features. First, it does not suffer from
increased computation in high-dimensional configuration spaces.
That is because it calculates the trajectories of the quadcopter
base and the end-effector separately in Cartesian space based
on proposed geometric feasibility constraints. The geometric
feasibility constraints can ensure the resulting trajectories satisfy
the aerial manipulator’s geometry. Second, collision avoidance for
the Delta arm is achieved through an iterative approach based
on a pinhole mapping method, so that the feasible trajectory
can be found in an efficient manner. The proposed approach
is verified by five experiments on a real aerial manipulation
platform. The experimental results show the effectiveness of the
proposed method for the aerial pick-and-place task.

Note to Practitioners—Aerial manipulators have attracted
increasing research interest in recent years due to their potential
applications in various domains. In this paper, we particularly
focus on the motion planning problem of the pick-and-place
of aerial manipulators. We propose a novel partially decoupled
motion planning framework, which calculates the trajectories of
the quadcopter base and the end-effector in Cartesian space,
respectively. Geometric feasibility constraints are proposed to
coordinate the trajectories to ensure successful execution. Five
experiments on a real aerial manipulator platform demonstrate

Manuscript received 29 November 2023; revised 2 March 2024; accepted
6 March 2024. This article was recommended for publication by Associate
Editor X. Li and Editor P. Rocco upon evaluation of the reviewers’ comments.
This work was supported in part by the Research Center for Industries of the
Future, Westlake University, under Grant WU2022C027; in part by the Dean’s
Special Projects, School of Engineering, Westlake University, under Grant
WU2023B013; in part by the National Natural Science Foundation of China
under Grant 62373386; and in part by the Industry-University-Research Fund
Project of the Ministry of Education of China under Grant 2021ZYA02017.
(Corresponding author: Shiyu Zhao.)

Huazi Cao and Jiahao Shen are with the Intelligent Unmanned Systems
Laboratory, School of Engineering, Westlake University, Hangzhou 310024,
China (e-mail: caohuazi@westlake.edu.cn; shenjiahao@westlake.edu.cn).

Cunjia Liu is with the Department of Aeronautical and Automotive Engi-
neering, Loughborough University, LE11 3TU Loughborough, U.K. (e-mail:
c.liu5@lboro.ac.uk).

Bo Zhu is with the Center for Advanced Control and Smart Operations
(CACSO), Nanjing University, Suzhou 215163, China (e-mail: zhubo5@mail.
sysu.edu.cn).

Shiyu Zhao is with the Research Center for Industries of the Future,
the School of Engineering, and the Westlake Institute for Advanced
Study, Westlake University, Hangzhou 310024, China (e-mail: zhaoshiyu@
westlake.edu.cn).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TASE.2024.3382296.

Digital Object Identifier 10.1109/TASE.2024.3382296

the effectiveness of the approach. In future research, we will
address the motion planning problem of aerial manipulators in
complex environments.

Index Terms— Aerial manipulator, Delta arm, aerial pick-and-
place, motion planning, collision avoidance.

I. INTRODUCTION

AN AERIAL manipulator is a novel type of flying robot
that consists of a multirotor and a robotic arm. Due

to their ability to move quickly and operate precisely in
high-altitude and complex workspaces, the aerial manipula-
tor has potential applications in various domains, including
transportation, inspection, and maintenance (see [1], [2], [3],
[4] for recent surveys).

Aerial manipulation has been studied from various aspects
such as platform design [5], [6], [7], [8], motion control [9],
[10], [11], [12], motion planning [13], [14], [15] and visual
servoing [16], [17], [18], [19] up to now. Our work focuses on
the motion planning problem of aerial pick-and-place tasks,
where the aerial manipulator is required to grasp and move
objects in the environment (see Fig. 1). It is noted that safety
and high efficiency are important to the aerial pick-and-place
task since collisions between the aerial manipulator and the
obstacles in the environment may occur. A computationally
efficient motion planning scheme is necessary for the aerial
pick-and-place task since it can diminish the demand for
computing resources and contribute to mission success by
enabling rapid re-planning and adaptation. This motivates our
study to focus on an effective motion planning scheme that
ensures collision-free trajectories.

Motion planning of multirotors is generally solved in
Cartesian space [20]. The existing methods for the motion
planning of multirotors can be classified into two categories.
The first is the sampling-based motion planning method that
focuses on global solutions of problems by exploration and
exploitation [21]. The second is the optimization-based motion
planning method that focuses on local solutions by using
high-order information on the problems [22]. Different from
the motion planning of multirotors, the motion planning of
manipulators is generally solved in configuration space. The
approaches proposed in the early stages aimed to obtain
predefined paths and lacked the capability to adapt to changing
environments [23]. More recently, researchers have proposed
effective planning methods that consider the dynamics of the
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Fig. 1. Aerial pick-and-place by an aerial manipulator. The experimental
video is available at https://youtu.be/q7O9v7l2Oho.

manipulator, enabling the calculation of trajectories in complex
workspaces [24], [25], [26].

Different from the motion planning of multirotors, the
motion planning of an aerial manipulator is more challeng-
ing for two reasons. First, the aerial manipulator has more
degrees of freedom (DoFs) since it combines the DoFs of the
quadcopter and the robotic arm. Second, the aerial manipu-
lator is required to manipulate the objects, which makes the
constraints of the planning problem more complex. Different
from the motion planning of a ground mobile manipulator, the
motion planning of an aerial manipulator is more challenging
since the aerial manipulator flies in a 3D environment rather
than a 2D environment. In addition, the robotic arm and the
multirotor base are dynamically coupled, which means their
movements mutually affect each other. Existing approaches for
motion planning for aerial manipulation can be classified into
two categories based on the space in which planners calculate
trajectories.

The first category is to plan the motion of the aerial manipu-
lator in configuration space. In early works, the RRT* method
has been used to plan the path of the aerial manipulator in the
configuration space without considering the dynamics [13],
[14]. As a consequence, the resulting trajectory may not be
executable for the aerial manipulator when its movement is
fast. To address this issue, the dynamics of the aerial manip-
ulator must be considered in motion planning. The existing
methods that consider the dynamics in motion planning can
be classified into three types.

The first type uses a kinematics controller as a local planner
in the sampling-based global planner [15]. It guarantees the
feasibility of the trajectory for the real system and also enables
searching for a solution directly in the reduced and more rele-
vant task space. However, collision avoidance is not inherently
embedded in local planning, which may cause its result to
be not collision-free. The second type uses the differential
flatness principle to ensure the dynamical feasibility [27].
In particular, motion planning methods for a special long-reach
aerial manipulator have been proposed in [28] and [29] based
on this point of view. The platform in these works consists
of a multirotor with a long bar extension that incorporates a
lightweight dual arm in the tip. Since the dynamical feasibility
constraints represented by the differential flatness are nonlin-
ear, this type of method may be computationally expensive.

The third type uses trajectory generation to ensure the dynam-
ical feasibility [30], [31]. In the trajectory generation, the
trajectories are obtained by solving optimization problems.
The dynamical feasibility constraints are treated as constraints
of the optimization problems. Planning in configuration space,
however, suffers high computation costs when the dimen-
sion of the space is high and the workspace is large [32].
Unfortunately, aerial manipulators generally have high DoFs
and large workspaces, which therefore motivates researchers
to study other approaches to solve the motion planning
problem.

The second category of approaches directly plans the tra-
jectory of the end-effector in Cartesian space. The motion
planning of the whole aerial manipulator is often solved
practically by decoupling the flying base and the manipula-
tor [33]. Firstly, the trajectory of the flying base approaching
the manipulation position is calculated. Then, the motion of
the end-effector is planned by assuming that the flying base
stays in the same pose during manipulation. However, this
method is conservative and inefficient in terms of energy
and execution time [1]. To address this issue, the dynamic
feasibility constraint must be considered in the trajectory
planning of the end-effector. Therefore, a dynamically fea-
sible task space planning method for underactuated aerial
manipulators based on the differential flatness principle has
been proposed in [34]. However, this method does not con-
sider obstacle avoidance which is generally required in real
scenarios.

The above analysis reveals the limitations of the existing
motion planning approaches for aerial manipulators. Planning
in configuration space incurs high computational costs due
to the high DoF of aerial manipulators, while the existing
methods of planning in Cartesian space do not consider
obstacle avoidance, a crucial factor in real-world scenarios.
To address these limitations, this paper proposes a novel
framework that integrates the motion planning of both the
flying base and the manipulator in a constrained workspace.
The proposed algorithm is designed for an aerial manipulator
consisting of a quadcopter and a Delta arm. Although there are
existing optimization-based planning methods (e.g., [35], [36])
available for motion planning of quadrupeds and humanoid
robots, they are all planned in configuration space. In contrast,
our goal is to achieve an efficient motion planning method
for aerial manipulators in Cartesian space. The novelty of our
approach is outlined below:

1) We propose a novel partially decoupled motion planning
framework for the aerial pick-and-place task. This framework
calculates the dynamically feasible and collision-free trajecto-
ries of the flying base and the manipulator in Cartesian space,
respectively. The resulting trajectories are coordinated for
successful execution. By solving the motion planning problem
in Cartesian space, the high DoF of the aerial manipulator can
be handled more efficiently than planning in the configuration
space with a much lower computational load. Compared with
the existing methods that plan trajectories in configuration
space (e.g., [30]), this method does not suffer from the
problem of increased computation in high-dimensional con-
figuration spaces. Compared with the existing method that
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Fig. 2. Coordinates, revised workspace, and shape polyhedron of the aerial manipulator.

plans trajectories in Cartesian space [34], the proposed method
ensures that the trajectories are collision-free.

2) We propose novel geometric feasibility constraints to
ensure the trajectories of the quadcopter and the end-effector
can be successfully executed. Our proposed constraints are
derived from the intersection of boundaries of the nonlinear
geometric relationship. They are linearly represented by the
positions of the quadcopter and the end-effector, whereas
the original geometry constraints are nonlinearly represented
by the configuration of the aerial manipulator. By using the
constraints, our method ensures that the resulting trajectories
satisfy the geometry of the aerial manipulator. The proposed
constraints can also be used in developing other efficient
motion planning methods in Cartesian space. The efficiency
can be significantly enhanced by converting nonlinear con-
straints into linear ones.

3) Collision avoidance for the Delta arm is achieved through
an efficient iterative approach based on a proposed pinhole
mapping method. At each iteration, a quadratic programming
(QP) problem is solved to determine the collision-free trajec-
tory for the end-effector. A collision avoidance term, designed
based on the pinhole mapping method and collision check
results, is formulated into the QP problem, so that the aerial
manipulator is driven away from the obstacles in the local
environment. Compared to collision avoidance in configuration
space [27], [30], the proposed iterative approach is faster as
it does not require intensive sampling in configuration space.
Compared to the traditional artificial potential method [37],
the proposed method does not rely on a predefined artificial
potential field. Moreover, compared to the control-barrier-
function method [38], the proposed method can directly handle
changes in the shape of the aerial manipulator during motion
in Cartesian space.

The proposed algorithms are verified by five experiments on
an aerial manipulator platform in the real aerial pick-and-place
task. Unlike the traditional Delta arm [6], the Delta arm used
in this paper drives the joint angles by three four-bar linkages
to magnify the control forces [39]. Experiments including
collision avoidance, aerial retrieval, and aerial transport are
conducted to validate the novelties.

The rest of this paper is structured as follows. The problem
statement and preliminaries are given in Section II. Kinematics
and geometric feasibility constraints of the aerial manipulator
are presented in Section III. The motion planning of the
quadcopter base is proposed in Section IV. Section V gives
the motion planning of the Delta arm. Then, the experimental
verification is given in Section VI. Conclusions are drawn in
Section VII.

II. PROBLEM STATEMENT AND PRELIMINARIES

A. Problem Statement

The platform is an aerial manipulator that consists of a
quadcopter and a Delta arm (see Fig. 2(a)). The base of
the Delta arm is attached underneath the quadcopter. The
end-effector used in this paper is a gripper and it is mounted
on the end of the Delta arm, whose position can be controlled
by the three actuators attached to the base of the Delta arm.
The aerial manipulator has nine DoFs since the quadcopter
has six DoFs and the Delta arm has three translational DoFs.
Because the quadcopter only has four control inputs (i.e.,
the velocities of the four blades), the attitude and position
of the quadcopter are coupled. In addition, each kinematic
chain in the Delta arm consists of a series of connected links
and joints, forming a closed loop from the base to the end.
It means the three kinematic chains of the Delta arm are not
independent.

The aerial manipulator has three reference frames: the
inertial frame ΣI , the quadcopter body-fixed frame ΣB , and
the Delta arm frame ΣD (see Fig. 2(a)). ΣI is an inertial frame
where the z-axis is in the direction of the gravity vector. ΣB

is rigidly attached to the quadcopter base. Its origin coincides
with the center of gravity of the quadcopter. ΣD is rigidly
attached to the Delta arm base at its geometric center pC .

Let pB ∈ R3 and RB ∈ SO(3) denote the position of
the quadcopter in ΣI and the rotation matrix from ΣB to
ΣI , respectively. Let pE ∈ R3 denote the position of the
end-effector in ΣI . Then, the geometric relationship between
pE and pB can be represented as

pE − pB = RB pB
E , (1)
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where pB
E ∈ R3 is a function of the Delta arm’s actuated joint

angles q1, q2, q3.
For a pick-and-place task, denote pO ∈ R3 and ψO ∈ R

as the position and the orientation of the target object in ΣI ,
respectively, whereas ψE ∈ R denotes the orientation angle of
the end-effector. Let tG denote the time that pE arrives at pO
and tgrip the closing time of the gripper.

The goal of the motion planning for the aerial pick-and-
place is to calculate the collision-free trajectories for the
quadcopter and the Delta arm to move from a starting position
to a feasible grasping configuration and from that grasping
configuration to the end position. Given the geometric rela-
tionship, dynamical feasibility constraints, obstacles in the
environment, the start position pB,start, and the end position
pB,end, the resulting trajectories must be collision-free and sat-
isfy that pE (t) = pO and ψE (t) = ψO when t ∈ [tG, tG +tgrip].

B. Overview of the Proposed Motion Planning Method

The proposed motion planning method is partially decou-
pled, which calculates the trajectories of the quadcopter base
pB(t) and the end-effector pE (t) in Cartesian space, respec-
tively. The geometric feasibility constraints are proposed to
coordinate the trajectories to ensure successful execution (see
Section III-B for details). The overall architecture of the
motion planning and control system is shown in Fig. 3. The
system is decomposed into three components.

1) The first component is the motion planning of the
quadcopter base. Its inputs are the positions of the object and
the obstacles. Its output is the trajectory of the quadcopter
base pB,ref(t). The motion planning of the quadcopter base
can be further decomposed into four steps. The first step is
feasible grasping position calculation. Its role is to find a
suitable position for the quadcopter base to allow the aerial
manipulator to grasp the object. The details of this step can be
seen in Section IV-A. The second step is path planning. Its role
is to find a path for the quadcopter base to move from a given
starting position to a feasible grasping position and from that
grasping position to a given end position. In this paper, we use
the A* method to calculate the path [41, Section 12.1.1]. The
third step is flight corridor generation. Its role is to generate a
safe flight corridor for the quadcopter base which constrains
the motion of the quadcopter base to avoid collisions. The
details of this step can be seen in Section IV-B. The fourth step
is trajectory generation. Its role is to calculate the trajectory
of the quadcopter base based on the piecewise Bézier curve.
We use the method proposed in [42] to ensure the resulting
trajectory satisfies the safety, the dynamical feasibility, and
the waypoints constraints. Compared with the existing meth-
ods of aerial manipulators (e.g., [30]), the proposed method
calculates the trajectory of the quadcopter base in Cartesian
space. Compared with the existing methods of the standard
quadcopter (e.g., [42]), the proposed method guarantees the
aerial manipulator arrives at the feasible grasping configuration
without collisions.

2) The second component is the motion planning of
the Delta arm. Its inputs are the position of the object
pO and pB,ref(t). Its output is the trajectory of the end-
effector pE,ref(t). This motion planning method can be further

decomposed into three steps. The first step is the initial
condition calculation. Its role is to calculate the position,
velocity, and acceleration of the end-effector at the beginning
of the manipulation stage. The second step is the optimal
trajectory planning of the end-effector based on the Bézier
curve. Its role is to calculate the trajectory of the end-effector
from the initial position to the object with several constraints.
The trajectory planning of the end-effector is represented
as a QP problem form. In particular, we propose geometric
feasibility constraints of the aerial manipulator and encode
this constraint into the QP problem to ensure the trajectories
satisfy the geometry of the aerial manipulator. The third step
is collision avoidance. It is important and its role is to ensure
the trajectory of the end-effector is collision-free. In this step,
the collisions between the aerial manipulator and the obstacles
in a local map are detected based on the GJK method. The
second and third steps are run iteratively. If there is a collision,
then the objective function of the QP problem in the second
step is updated by a pinhole mapping method. Repeat the
second and third steps until no collision occurs. All the
corresponding sections introducing these steps are listed in
Fig. 3. Compared with the existing methods [30], [43], the
proposed method requests lower computational power since
the collision avoidance of the Delta arm is achieved by an
iterative approach in Cartesian space.

3) The third component is the controller of the aerial
manipulator. Its inputs are the trajectories of the quadcopter
base and the end-effector. Its outputs are total force f ∈ R
of the rotors, torque vector τ ∈ R3 of the rotors, torque
τG ∈ R of the gripper, and the torque vector that each
actuator should generate τ M ∈ R3. The controller consists
of three subcomponents. The first step is an extended state
observer (ESO) -based flight controller. It was proposed in
our previous work [44] and uses ESOs to estimate dynamic
coupling between the aerial manipulator and the Delta arm.
Its role is to generate the force f and torque vector τ for
the quadcopter base so that the trajectory of the quadcopter
can be tracked. The second step is the end-effector controller.
Its role is to control the gripper to grasp or release objects.
The third step is the Delta arm controller. Its role is to
generate the torque vector τ M for the Delta arm so that
the trajectory of the end-effector can be tracked. The details
of the Delta arm controller can be seen in our previous
work [44].

The steps can be classified into real-time processes and non-
real-time processes. In Fig. 3, all steps are executed on board.
Steps in the small grey rectangle are calculated before the task
begins. Due to the efficiency of the proposed motion planning
method, it also has the potential to generate new trajectories
for the aerial manipulator in response to unexpected situations.
The steps in the white rectangle run onboard the aerial
manipulator during flights. Considering that motion planning
doesn’t require real-time calculations, it doesn’t impose an
excessive burden on the computing resource.

C. preliminaries to Bézier Curves

A n-th degree Bézier curve is defined by a set of con-
trol points and Bernstein polynomial bases. Let ci ∈ R3,
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Fig. 3. Structure of the proposed motion planning method for aerial pick-and-place.

bi,n(τ ) ∈ R denote the i-th control point and Bernstein poly-
nomial basis, respectively. Then, the n-th degree 3D Bézier
curve is written as B(τ ) =

∑i=n
i=0 cT

i bi,n(τ ), where

bi,n(τ ) =

(
n
i

)
τ i (1 − τ)n−i , (2)

where τ ∈ [0, 1],
( n

i
)

is the binomial coefficient. According
to [45, Section 2.4], the derivative of the Bézier curve can be
obtained by Lemma 1. In addition, the Bézie curve B(t) is
entirely confined within the convex hull defined by all these
control points, which is referred to as the convex hull property
(see Lemma 2).

Lemma 1 (Derivative [45]): Let B(k)(τ ) =∑n− j
i=0 c(k)

i bi,n− j (τ ) denote the k-th derivative of B(τ ),
then the control points of B(k)(τ ) can be calculated iteratively
by c(k)

i = (n−k+1)(c(k−1)
i+1 −c(k−1)

i ), where i = 0, 1, · · · , n− j .
Lemma 2 (Convex hull property [45]): Let H = {a0c0 +

a1c1 + · · · + an cn|a0 + a1 + · · · + an = 1, ai ≥ 0} denote the
convex hull defined by all the control points, then B(τ ) ∈ H
for all τ ∈ [0, 1].

III. KINEMATICS AND GEOMETRIC
FEASIBILITY CONSTRAINTS

This section proposes the kinematics and geometric feasi-
bility constraints of the aerial manipulator.

A. Kinematics of the Aerial Manipulator

According to (1), the time derivative of pE is

ṗE = ṗ + ṘB pB
E + R ṗB

E

= ṗ + RB RB
D ṗD

E − [RB pB
E ]×ω, (3)

where ω ∈ R3 is the angular velocity vector of the quadcopter
expressed in ΣB , and [·]× denotes the skew-symmetric matrix.

Let pB
C ∈ R3 denote the position of the center of the base

in ΣB . Let pB
E ∈ R3 and pD

E ∈ R3 denote the positions of
the end-effector in ΣB and ΣD , respectively. The relationship
between pB

E and pD
E is

pB
E = RB

D pD
E + pB

C , (4)

where RB
D ∈ SO(3) is the rotation matrix from ΣD

to ΣB .
The lengths for the upper and lower arms are represented

by lU and lL as illustrated in Fig. 2(a). Circumradius of the
top base and the bottom end-effector base are, respectively,
defined as rF and rM . The length of the gripper is denoted as
lg . The relationship between the end-effector position pD

E and
the joint vector q = [q1, q2, q3]

T
∈ R3 is∥∥ pD

E + lG − hi
∥∥2

= l2
L , i = 1, 2, 3, (5)

where lG = [0, 0, lg]
T , and

hi =

 −(rF − rM + lU cos qi ) cos[(i − 1)π/3]

(rF − rM + lU cos qi ) sin[(i − 1)π/3]

lU sin qi

. (6)

On the one hand, given a joint vector q, the position pD
E can

be solved from (5) based on the forward kinematics. On the
other hand, given a position pD

E , the joint vector q can be
solved from (5) by the inverse kinematics. Details can be found
in [46] and [47].

As can be seen from Fig. 2(a), the joint angles of the Delta
arm are driven by planar four-bar linkages. The relationship
between the joint angles and the crank position angles can
be calculated by the kinematics of the planar four-bar linkage
[48, Section 3.6].

B. Geometric Feasibility Constraints

Combining (1) and (4), the geometric relationship between
the end-effector and the quadcopter is

pE − pB = RB(RB
D pD

E + pB
C), pD

E ∈ W, (7)

where W is the workspace of the Delta and can be calculated
by the forward kinematics of the Delta arm. The workspace
is approximated as a convex polyhedron [49]. Therefore, the
expression of the workspace is

W = { p|AD p ≤ bD}. (8)
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Since RB
D and pB

C are constant matrix and vector, according
to (7), the range of pE − pB is determined by W and RB .
We define RB = Rψ Rθ,φ , where Rψ is the rotation matrix
determined by the yaw angle ψ , Rθ,φ are the rotation matrix
determined by the pitch angle θ and roll angle φ. The yaw
angle of the quadcopter is constant, i.e., ψ = ψO , when the
aerial manipulator is grasping or placing an object. This is
because the quadcopter’s yaw angle reaches the desired angle
before the manipulation begins. Then, (7) is rewritten as

RT
ψO

( pE − pB) = Rθ,φ(RB
D pD

E + pB
C), pD

E ∈ W. (9)

To make the above equation more concise, we define

Wθ,φ = {Rθ,φ(RB
D pD

E + pB
C)| pD

E ∈ W}. (10)

Therefore, (9) is rewritten as RT
ψO

( pE − pB) ∈ Wθ,φ .
To linearize the geometric relationship (9), we define WR =

{ p|wmin ≤ p ≤ wmax} as the revised workspace, and it satisfy
that WR ⊂ Wθ,φ . According to (7), φ and θ also are the
rotation angles of Wθ,φ in pitch and roll directions. Since
the pitch and roll angles of the quadcopter are small when
the aerial manipulator is manipulating, the bounds of θ and
φ can be determined with several experiments. Let θmin, θmax
denote the minimum and maximum of θ . Let φmin, φmax denote
the minimum and maximum of φ. We calculate WR by two
steps.

The first step is calculating boundaries of Wθ,φ . Combin-
ing (8) and (10), the expression of Wθ,φ can be rewritten as

Wθ,φ = { p|AD(Rθ,φ RB
D)T p ≤ bD + AD RBT

D pB
C}. (11)

According to (11), we obtain the boundaries Wθ=θmin,φ=0,
Wθ=θmax,φ=0, Wθ=0,φ=φmin , Wθ=0,φ=φmax .

The second step is calculating the intersection of these sets
WI . According to the definition of the intersection, we have

WI = { p|AD(Rθmin,0 RB
D)T p ≤ bD + AD RBT

D pB
C ,

AD(Rθmax,0 RB
D)T p ≤ bD + AD RBT

D pB
C ,

AD(R0,φmin RB
D)T p ≤ bD + AD RBT

D pB
C ,

AD(R0,φmax RB
D)T p ≤ bD + AD RBT

D pB
C}. (12)

Since the expression of the intersection (12) is complicated,
it may be inconvenient when applied to real systems. We let
the largest cuboid that can be inscribed within the intersec-
tion as WR . The cuboid can be calculated by the method
proposed in [50]. Then, wmin = [wx,min, wy,min, wz,min]

T and
wmax = [wx,max, wy,max, wz,max]

T are subsequently determined
by the size of the cuboid. Fig. 2(b) gives an illustration for
calculating the revised workspace in the pitch direction. Then,
the geometric feasibility constraints are

wmin ≤ RT
ψO

( pE − pB) ≤ wmax, (13)

where

RψO =

 cos ψO − sin ψO 0
sin ψO cos ψO 0

0 0 1

. (14)

Algorithm 1 Motion Planning for the Quadcopter
Input: pO , pB,star, pB,end, M
Output: Trajectory pB,ref(t)
1: function PLAN_QUAD( pO , pB,star, pB,end, M )
2: pB, f ← calculating (16)
3: Flight_path ← A_STAR( pB,star, pB,end, pB, f , M )
4: Flight_corridor← CONVEX_DECOM(Flight_path)
5: Designed_polyh ← calculating (18)
6: Flight_corridor = Flight_corridor

⋃
Designed_polyh

7: pB,ref(t) ← TRAJECTORY_GEN(Flight_corridor)
8: return pB,ref(t)
9: end function

IV. MOTION PLANNING FOR THE QUADCOPTER BASE

This section presents a method to generate the trajectory of
the quadcopter for the aerial pick-and-place task. This method
consists of four steps: feasible grasping position calculation,
path planning, flight corridor generation, and Bézier curve-
based trajectory generation (see Algorithm 1). The purposes
and relationships of these steps are given in Section II-B. In the
algorithm, the path planning can be achieved by the existing
method. In our work, we use the A* method to obtain the path
in the 3D grid map which is used to represent the environment
of the task. The Bézier curve-based trajectory generation is
achieved by an existing method proposed in [42]. It bounds
positions and higher-order dynamics of the trajectory entirely
within safe regions by using the Bernstein polynomial basis
and formulating the trajectory generation problem as typical
convex programs.

Compared to the existing methods for standard quad-
copters [42], the proposed method for the quadcopter base
of the aerial manipulator has two novelties. First, the feasible
grasping position is calculated to ensure the aerial manipulator
can manipulate the object. Second, the volume of the aerial
manipulator changes with the movement of the Delta arm.
To address this issue, the aerial pick-and-place task is divided
into two stages: moving and manipulation stages. The flight
corridors in the two stages are obtained, respectively. The
details are shown as follows.

A. Feasible Grasping Position

To grasp the object, the position of the end-effector must
arrive at pO with an orientation angle of ψO . The feasible
grasping position of the quadcopter is constrained by the geo-
metric shape of the aerial manipulator. Let pB, f ∈ R3 denote
the feasible grasping position. Let RB, f ∈ SO(3) denote the
desired rotation matrix of the quadcopter base at the feasible
grasping position. According to (1), the feasible grasping
position of the quadcopter is

pB, f = pO − RB, f pB
E . (15)

According to (15), one can conclude that RB, f and pB
E need

to be determine before calculating pB, f .
In the manipulation stage, the yaw angle of the quadcopter

is set as ψO to satisfy the grasp angle constraint of the end-
effector. We assume that the roll and pitch angles of the
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Fig. 4. An illustration for the motion planning of the aerial pick-and-place.

quadcopter are small when the quadcopter base is around
pB, f . This assumption is reasonable since the motion of
the quadcopter is conservative. According to the assumption,
we have RB, f = RψO . To ensure the manipulability of the
Delta arm, we let the end-effector stay at the center of WR

when the aerial manipulator picks up the object. Then, (15) is
rewritten as

pB, f = pO − 0.5RψO (wmin + wmax). (16)

For an aerial pick-and-place task, we already have the start
position pB,start, feasible grasping position pB, f , and the end
position pB,end. Then, the path of the quadcopter can be
obtained by the A* method.

B. Flight Corridor Generation

The flight corridor is a collection of convex overlapping
polyhedra that models free space and provides a connected
corridor containing the resulting path. A convex decomposition
method proposed in [51] is adopted to generate the flight
corridor by inflating the resulting path. However, this method
was originally designed for a traditional quadcopter with a
fixed volume, while the volume of the aerial manipulator
changes with the movement of the Delta arm. Therefore, the
method cannot be directly used for the aerial manipulator.
To address this issue, we calculate the flight corridors in
the moving and the manipulation stages, respectively. In the
moving stage, the position of the end-effector is set to stay
at the top point pB

top ∈ R3 of the Delta arm’s workspace WR ,
which folds the Delta arm into its most compact state to reduce
the volume of the aerial manipulator. From the definition of
WR , we have

pB
top =

 0.5(wx,min + wx,max)

0.5(wy,min + wy,max)

wz,min

. (17)

The shape of the aerial manipulator now can be approximated
as a sphere with a radius rS . The radius rS is determined by
the wheelbase and the size of the rotors. Since the wheelbase
of the quadcopter is relatively large (650 mm in this paper),

the Delta arm is completely contained within the sphere in the
set state. Then, we can use the convex decomposition method
to generate the flight corridor in the moving stage.

In the manipulation stage, we use a designed polyhedron
as the flight corridor to ensure the object is reachable for
the aerial manipulator (see Fig. 4). It is necessary since
the quadcopter and Delta arm can collaborate to enhance
efficiency. The designed polyhedron is designed based on the
geometric feasibility constraints (13) and it is represented as

wmin ≤ RψO ( pB − pB, f ) ≤ wmax. (18)

According to the geometric relationship (7), the end-effector
can touch the object when the position of the quadcopter is
in the designed polyhedron. It means that if the quadcopter
is inside the designed polyhedron, the aerial manipulator
can perform the manipulation. The duration time in this
polyhedron is determined by the mechanical behavior of the
gripper. We set the duration time as the closing time of the
gripper tgrip.

V. MOTION PLANNING FOR THE DELTA ARM

In this section, we calculate the collision-free trajectory
of the Delta arm in the Cartesian coordinate. The proposed
method for the Delta arm utilizes the resulting trajectory of
the quadcopter (see Algorithm 2). In the moving stage, the
Delta arm stays at an initial state and its end-effector stays
at a fixed position pB

top relative to the quadcopter base. The
position pB

top can be calculated by (17). Therefore, the Delta
arm does not require additional motion planning calculations
in the moving stage.

Let tB ∈ R denote the time at which the quadcopter base
enters the designed polyhedron and it is the beginning time
of the manipulation stage. The time tB can be determined
by tB = tG − kB tA, where tA ∈ R is the approach time
of the end-effector. The time tA can be calculated by tA =

max(vE,max/aE,max, lw/vE,max), where lw = ∥wmax − wmin∥ ∈

R is the size of the revised workspace, vE,max ∈ R and
aE,max ∈ R are maximum velocity and acceleration of the
end-effector, respectively. The reason why we set tB as this is
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Algorithm 2 Motion Planning for the Delta Arm
Input: pO , M, pB,ref(t)
Output: Trajectory pE,ref(t)
1: function PLAN_DEALTA_ARM( pO , M, pB,ref(t))
2: pE,tB

, ṗE,tB , p̈E,tB ← INI_CONDITION( pB,ref(t))
3: Set OM = ∅ and 1λi = 0
4: while is_collision do
5: cE,i ← calculating (24)
6: pE,ref(τM) ←

∑nE
i=0 cE,i bi,nE (τM)

7: OM , λi ← COLLISION_AVOID( pE,ref(t), M)
8: end while
9: return pe,ref(t)

10: end function

to enable the end-effector to achieve the desired manipulation
speed and position within the specified time. The switching
from the moving stage to the manipulation stage is achieved
by the manipulation beginning time tB . The switching from
the manipulation stage to the moving stage is achieved by the
manipulation ending time tG + tgrip, where tgrip ∈ R is the
closing time of the gripper.

The procedure of the manipulation stage is given here.
From tB to tG , the end-effector moves to the object. Then,
the aerial manipulator keeps the position of the end-effector
for the duration time tgrip to pick up or place the object. After
picking up or placing the object, the Delta arm returns to its
initial state. According to the procedure, one can find that
the trajectory of the end-effector from tB to tG needs to be
calculated. The details to calculate the trajectory from tB to
tG are shown as follows.

A. Initial Condition

The initial condition for the end-effector consists of the
initial position pE,tB

, the initial velocity ṗE,tB , and the initial
acceleration p̈E,tB . They are calculated as follows.

1) Initial Position: According to (1), the initial position
pE,tB

is calculated by

pE,tB
= pB,tB

+ RB,tB pB
top, (19)

where pB,tB
, RB,tB = [r1,tB , r2,tB , r3,tB ] denote pB, RB at the

time tB , respectively. According to (19), we calculate pB,tB

and RB,tB to obtain pE,tB
. pB,tB

can be directly obtained by
the trajectory of the quadcopter.

The matrix RB,tB is calculated based on the differential
flatness of the quadcopter. At the time tB , the yaw angle of
the quadcopter base is ψO to ensure the orientation angle of
the end-effector equals ψO . The unit orientation vector in the
ground plane is rg = [cos ψO , sin ψO , 0]

T . According to [52],
we have

r3,tB =
p̈tk + ge3

∥ p̈tB + ge3∥
, (20)

and vectors r1,tB and r2,tB can be determined by

r2,tB =
r3,tB × rg

∥r3,tB × rg∥
, r1,tB = r2,tB × r3,tB . (21)

2) Initial Velocity and Acceleration: Let δI denote a small
time step. We can calculate pE,tB −δI

and pE,tB +δI
according

to the above method. Then, the derivatives are approximated
by the differences. The initial velocity and acceleration are

ṗE,tB = ( pE,tB
− pE,tB −δI

)/δI ,

p̈E,tB = ( pE,tB +δI
− 2 pE,tB

+ pE,tB −δI
)/δ2

I . (22)

B. Optimal Trajectory Planning

The trajectory of the end-effector is calculated by an iter-
ative approach. The trajectory planning of the end-effector is
formulated as a QP problem. At each iteration, the objective
function of the QP problem is updated and the QP problem
is solved to calculate the collision-free trajectory of the end-
effector. Let pE,ref(t), t ∈ [tB, tG] denote the trajectory. A
nE -th order Bézier curve is adopted to represent the trajectory
and it is

pE,ref(τM) =

nE∑
i=0

cE,i bi,nE (τM), (23)

where cE,i = [cE,x,i , cE,y,i , cE,z,i ]
T

∈ R3 and bi,nE (τM) are
the i-th control point and Bernstein polynomial basis of the
Bézier curve, respectively, and τM = (t − tB)/(tG − tB).
We denote the parameter vector of the trajectory as cE =

[cE,x,0, . . . , cE,x,nE , cE,y,0, . . . , cE,y,nE , cE,z,0, . . . , cE,z,nE ]
T .

The QP problem is then formulated as

min J = cT
E QO,E cE + qT

O,E cE

s.t. AE,eq cE = bE,eq ,

AE,iecE ≤ bE,ie, (24)

where QO,E ∈ R3(nE +1)×3(nE +1) is the Hessian matrix of the
objective function and it is semidefinite, q O,E ∈ R3(nE +1) is a
vector, AE,eq ∈ R18×3(nE +1) and AE,ie ∈ R(9nE +4)×3(nE +1) are
constraint matrices, beq ∈ R18 and bie ∈ R9nE +4 are constraint
vectors. The linear equality constraint (AE,eq = bE,eq ) is
endpoint constraints. The linear inequality constraint (Aie =

bie) consists of dynamical feasibility, geometric feasibility,
and grasp constraints. These constraints are adopted to ensure
the solution of the problem (24) is collision-free and can be
executed successfully. Definitions and roles of the objective
and the constraints are as follows.

1) Objective Function: The objective function is denoted
as J = JJ + JO , where JJ is the cost function to minimize
the jerk along the trajectory, and JO is a penalty function for
the collision. The details of the two terms are

JJ =

m∑
i=1

∫ Ti−1

Ti−1

( j2
x (t) + j2

y (t) + j2
z (t))dt, (25)

JO =

nO∑
k=1

λk

nE∑
i=0

(ci,x − xM,k)2
+ (ci,y − yM,k)2

+ (ci,z − zM,k)2, (26)

where jx , jy, jz denote the jerks of the trajectory in the
corresponding three dimensions, respectively, λk is a changing
weighting factor, xM,k, yM,k, zM,k are corresponding elements
of the obstacle mirror position pM,k . The obstacle mir-
ror position pM,k is introduced to guide the trajectory of
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the end-effector away from obstacles. Due to the nature
of the objective function, which encourages the trajec-
tory to approach the obstacle mirror position, the iterative
process enables the trajectory to move away from the
obstacle. We define the obstacle mirror set as OM =

{ pM,1, pM,2, . . . , pM,nO
}, where nO is the number of the

obstacles that collide with the aerial manipulator during the
whole iteration process. The obstacle mirror position pM,k
can be obtained through pinhole mapping of the corresponding
obstacle position. As the iterations progress, the algorithm can
guide the trajectory of the end-effector towards the obstacle
mirror positions while ensuring that it is collision-free for
the obstacles. See Section V-C for details of calculating the
changing weighting factors λ1, λ2, . . . , λnO and the obstacle
mirror set OM . By using the Lemma 1 into (25), we can obtain
J = cT

E Qo,E cE + qT
o,E cE . We leave the details of the Qo,E

and qo,E for brevity.
2) Constraints: The constraints for the trajectory planning

problem of the end-effector consist of endpoint, dynamical
feasibility, geometric feasibility, and grasp constraints. The
details of the constraints are given as follows:

The endpoint constraints are introduced to ensure the tra-
jectory of the end-effector starts at pE,tB

and ends at pO with
desired velocities and accelerations. The endpoint constraints
are given as

c0,µ,E = µE,tB , s−1
E c(1)

0,µ,E = µ̇E,tB , s−2
E c(2)

0,µ,E = µ̈E,tB ,

cnE ,µ,E = µO , s−1
E c(1)

nE ,µ,E = µ̇E,tG , s−2
E c(2)

nE ,µ,E = µ̈E,tG , (27)

where c(k)
i,µ,E denotes the i-th control point of dk fµ(τ )/dτ k and

can be calculated by Lemma 1, µ ∈ [x, y, z], sE = tG − tB ,
pE,tB

, ṗE,tB , p̈E,tB can be obtained from the Section V-A and
ṗE,tB = 0, p̈E,tB = 0

The dynamical feasibility constraints consist of velocity and
acceleration constraints to ensure the generated trajectory is
dynamically feasible. The dynamical feasibility constraints are

µ̇min ≤ s−1
E c(1)

i,µ,E ≤ µ̇max, i = 0, 1, . . . , nE − 1,

µ̈min ≤ s−2
E c(2)

i,µ,E ≤ µ̈max, i = 0, 1, . . . , nE − 2, (28)

where µ ∈ [x, y, z], the subscript min denotes the lower bound
of the corresponding variable, and the subscript max denotes
the upper bound of the corresponding variable.

The geometric feasibility constraints are introduced to
ensure the trajectories of the quadcopter and the end-effector
are geometrically feasible for the Delta arm. According to (13),
it can be describe as

RψO wmin ≤ pE,ref(t) − pB,ref(t) = RψO wmax. (29)

As stated above, the trajectory of the end-effector is repre-
sented by a nE -th order Bézier curve. The trajectory of the
quadcopter is part of a nB-th order Bézier curve.

To reveal the geometric feasibility constraints on the param-
eters, we use a nE -th order Bézier curve to fit the trajectory
of the quadcopter from tB to tG . Then, the geometric fea-
sibility constraints on the parameters can be formulated as
linear algebraic equations. Let pB,0, pB,1, . . . , pB,nE

denote
nE + 1 points of the trajectory pB,ref(t), t ∈ [tB, tG]. These
points divide the trajectory into nE segments. The time interval

between each two adjacent points is the same. The nE -th
order Bézier curve is denoted as h(t) =

∑nE
i=0 cB,i bi,nE (τM),

where cB,i = [cB,x,i , cB,y,i , cB,z,i ]
T is the i-th control point of

h(t). The control points can be obtained by fitting h(t) to the
points pB,0, pB,1, . . . , pB,nE

. Then, the geometric feasibility
constraints can be rewritten as

RψO wmin ≤

nE∑
i=0

(cE,i − cB,i )bi,nE (τM) ≤ RψO wmax, (30)

According to the convex hull property (see Lemma 2), the
geometric feasibility constraints on the parameters is

wr,µ,min + cB,µ,i ≤ cE,µ,i ≤ wr,µ,max + cB,µ,i ,

i = 0, 1, . . . , nE , (31)

where wr,µ,min is the element of RψO wmin, wr,µ,max is the
element of RψO wmax, and µ ∈ {x, y, z}.

The grasp constraints are introduced to ensure the gripper
does not collide with the object. To avoid such collision, we let
the end of the trajectory in a cone. Let tC denote the time to
enter the cone. Let pE,ref(tC) = [xE,tC , yE,tC , zE,tC ]

T denote
the position of the end-effector at the time tc. Then, we have

− tan γ ≤
xE,tC − xO

zE,tC − zO
≤ tan γ,

− tan γ ≤
yE,tC − yO

zE,tC − zO
≤ tan γ, (32)

where γ is the angle of the cone. By substituting the
defined (23) into (32), the grasp constraints (32) can be
rewritten as a linear form

nE∑
i=0

(cE,x,i + cE,z,i tan γ )bi,nE (τC) ≤ xO + zO tan γ,

nE∑
i=0

(cE,x,i − cE,z,i tan γ )bi,nE (τC) ≥ xO − zO tan γ,

nE∑
i=0

(cE,y,i + cE,z,i tan γ )bi,nE (τC) ≤ yO + zO tan γ,

nE∑
i=0

(cE,y,i − cE,z,i tan γ )bi,nE (τC) ≥ yO − zO tan γ, (33)

where τC = (tC − tB)/(tG − tB).

C. Collision Avoidance

The subsection proposes a method to detect collisions and
calculate the changing weighting factors λ1, λ2, . . . , λnO and
the obstacle mirror set OM in (26). Before the iteration
process, OM is set as an empty set, i.e., OM = ∅, and nO

is set as zero. At each iteration, the collision is detected using
the solution of the QP problem (24). If the solution is collision-
free, the iteration process is terminated and the collision-free
solution is outputted as the trajectory of the end-effector.
If there are collisions between the aerial manipulator and the
obstacles in the environment with the solution, we calculate
the changing weighting factors and OM for the next iteration
calculation.

The collision detection method is proposed to detect if
the solution of the QP problem (24) is collision-free. The
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Algorithm 3 Collision Avoidance Method
Input: pE,ref, M
Output: OM , λi

1: function COLLISION_AVOID( pE,ref(t), M)
2: Shape_polyhedron ← calculating (34) and (36)
3: Mlocal ← calculating (38)
4: T i,L , T i,R ← GJK(Shape_polyhedron, Mlocal)
5: OM ← calculating (40)
6: 1λi ← calculating (41)
7: λi = λi + kα1λi

8: return OM , λi

9: end function

method considers the collision of the Delta arm and the end-
effector. The trajectory of the quadcopter is collision-free,
which is ensured by the flight corridor. Therefore, we do
not consider the collision of the quadcopter. The proposed
collision detection method consists of three steps.

We first use a shape polyhedron to represent the Delta arm
and the end-effector in collision detection. The vertices of
the shape polyhedron are pU,i , pL ,i , i = 1, 2, 3 (see the blue
points in Fig.2(c)). Then, we have

pU,i = pB + Rψ RB
D p̃U,i , i = 1, 2, 3, (34)

where

p̃U,i =

 rS cos( 1+2i
3 π)

rS sin( 1+2i
3 π)

0

 (35)

In addition, the lower vertices can be calculated by

pL ,i = P E + Rψ RB
D p̃L ,i , i = 1, 2, 3, (36)

where

p̃L ,i =

 lC cos( 1+2i
6 π)

lC sin( 1+2i
6 π)

lC

 (37)

where lC is a constant parameter for safety and is determined
by the size of the gripper when the gripper is open.

Second, we introduce a local map to reduce the compu-
tational cost of collision detection. This is because detecting
collisions in the entire environment can be computationally
expensive, especially if the environment is large or if there
are many obstacles. We decrease the number of obstacles to
be calculated by adding a box around the end-effector and the
object and thus only detecting collisions inside it. The size of
the box is determined by pB,tB

and pO . We let

Mlocal = { p ∈ R3
|lmin ≤ p ≤ lmax} (38)

denote the box. In addition, lmin and lmax can be calculated by

lµ,min = min{µB,tB , µO} − ls,

lµ,max = max{µB,tB , µO} + ls, (39)

where µ ∈ {x, y, z}, lµ,min, lµ,max, µB,tB , µO are corresponding
element of lmin, lmin, pB,tB

, pO , respectively, ls is a constant
parameter for safety.

Third, we use the GJK method proposed in [53] to detect
collisions. If the QP problem solution reveals a collision
between the aerial manipulator and obstacle i , then the two
endpoints T i,L and T i,R of the solution within the collision
area with respect to the obstacle can be determined (see Fig. 4).
Let O i denote the center of the obstacle i . Then, we calculate
the obstacle mirror position pM,i by the following pinhole
mapping method. Let pP,i = 0.5(T i,L + T i,R) ∈ R3 denote
the position of the pinhole. Then, we let αi = pP,i − O i

represent the distance between the obstacle and the pinhole.
According to the pinhole mapping, we have

pM,i =


2 pP,i − O i , if zαi ≥ 0 and ∥αi ∥ ≥ δα

O i + 2δααi /∥αi ∥, if zαi ≥ 0 and 0 < ∥αi ∥ < δα

O i + 2δαe3, if ∥αi ∥ = 0
O i − 2δααi /∥αi ∥, if zαi < 0,

(40)

where zαi = eT
3 αi is the 3-th element of αi , δα > 0 is

constant, e3 = [0, 0, 1]
T . The values of the weighting factors

are updated by λi = λi + kα1λi , where i = 1, 2, . . . , nO , and
kα > 0 is a constant gain. The parameter 1λi is the step size
used for updating the i-th weighting factor and is a critical
factor that affects the computation time of the method. The
expression for 1λi is given as

1λi = ∥T i,L − T i,R∥. (41)

The proposed collision avoidance method can ensure the
resulting trajectory is collision-free. It is shown as follows.
According to (40), there are four possible cases. When zαi ≥

0 and ∥αi ∥ ≥ δα , the iteration process is shown in Fig. 5(a).
As the iteration proceeds, the calculated mirror position pM,i
gradually moves away from the obstacle i . As a result, the
candidate trajectory also moves away from the obstacle i with
the influence of the cost function that contains the distance to
pM,i . When zαi ≥ 0 and 0 < ∥αi ∥ < δα , the iteration process
is shown in Fig. 5(b). After several iterate steps, the candidate
trajectory is moved upward and ∥αi ∥ ≥ δα . Now, it becomes
the first case. Based on the above analysis, the collision-free
trajectory can be obtained after the iteration process. When
∥αi ∥ = 0, the iteration process is shown in Fig. 5(c). Since
αi = 0, the direction vector αi /∥αi ∥ can not be used to
calculate pM,i . We let pM,i = O i + 2δαe3 to move the can-
didate trajectory upward. After several iterate steps, we have
zαi ≥ 0 and 0 ≤ ∥αi ∥ < δα . Now, it becomes the second
case. Based on the above analysis, the collision-free trajectory
can be obtained after the iteration process. When zαi < 0,
the iteration process is shown in Fig. 5(d). In this case, the
vector αi points downward. However, the aerial manipulator
can not approach obstacles from below. To move the candidate
trajectory upward, we let pM,i = O i − 2δααi /∥αi ∥ when
zαi < 0. With the given pM,i , the candidate trajectory can
move upward. After several iterate steps, we have zαi ≥ 0.
Now, it becomes the first three cases. Based on the above
analysis, the collision-free trajectory can be obtained after the
iteration process.
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Fig. 5. The role of the obstacle mirror position in the iteration process.

D. Local Optimums Analysis
The proposed method may get stuck in local optimums

if the obstacles are extremely complex. This is because it
is a hybrid method that combines soft and hard-constrained
trajectory optimization methods. Although the hard con-
straints are convex, the soft constraints related to obstacle
avoidance can become non-convex in cases involving com-
plex obstacles [54]. However, in such cases, other existing
methods (e.g., the sampling-based method [30], the arti-
ficial potential method [37], the control-barrier-function
method [38]) also encounter challenges when applied to
solve the motion planning problem. The sampling-based
method suffers from the problem of increased computa-
tion in high-dimensional configuration spaces and high-
density sampling. The artificial potential method and the
control-barrier-function method also may be stuck in local
optimums.

There are two techniques that can be used to avoid getting
stuck in local optimums. First, we can merge obstacles that are
close together into one obstacle. The quickhull algorithm [55]
is used to merge the obstacles. It can quickly find the convex
hull containing the obstacles. Second, we simplify obstacles
with complex shapes into simple convex polyhedrons. This
technique can avoid getting stuck in local optimums due to
non-convex obstacles.

VI. EXPERIMENTAL VERIFICATION

This section presents experimental results to verify the
effectiveness of the proposed motion planning algorithms.
The experimental video is available at https://youtu.be/
q7O9v7l2Oho.

First of all, we describe the experimental setup. The aerial
manipulator platform used in the experiments consists of a
quadcopter and a Delta arm. The wheelbase of the quadcopter
is 0.65 m. The mass of the quadcopter (including a battery)
is 3.60 kg. The Delta arm consists of a mounting base
(0.56 kg), a movable robotic arm (0.44 kg), and a gripper
(0.32 kg). An ESO-based flight controller proposed in our
previous work [44] runs on a Pixhawk 4 autopilot. This
controller uses extended state observers (ESOs) to estimate
dynamic coupling between the aerial manipulator and the
Delta arm. The proposed motion planning method runs on
an onboard Intel NUC i7-1165G7 computer with ROS (an
open-source robotics middleware suite). The Delta arm and
the end-effector are controlled by four actuators. We use
Dynamixel AX28 servomotors as the actuators of the Delta
arm and the end-effector. The controllers of the servomo-
tors are designed by the traditional PID method [56]. The
experiments are conducted in a Vicon system, which provides
accurate position measurements of the quadcopter base and
the end-effector. The measurement data of the Vicon system
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Fig. 6. Results of the collision avoidance experiment.

is sent to a ground control station through an ethernet switch.
Then, the ground control station sends the measurement data
to the aerial manipulator with a frequency of 100 Hz through
a 5 GHz wireless router.

The perception of the aerial manipulator is not surveyed in
this paper. We assume that the obstacles in the environment
are already known. In particular, the locations of the obstacles
and the object can be obtained by the Vicon system. Then,
the environment can be previously built as a grid map which
consists of a set of cubes. The size of each cube is set as 0.1 m.
This map is used for the path planning of the quadcopter base.
The description of the controllers is provided in Section II-B.

In all the examples, we use the same set of parameters of
the motion planner: α = 3.0, rS = 0.50 m, lC = 0.06 m,
lS = 0.20 m. The velocity and the acceleration constraints
for the quadcopter base are set as 1.0 m/s and 1.0 m/s2,
respectively. The velocity and the acceleration constraints for
the end-effector are set as 1.0 m/s and 2.0 m/s2, respec-
tively. The bounds of the geometric feasibility constraints
are set as wmin = [−0.06, −0.06, −0.60]

T and wmax =

[0.06, 0.06, −0.40]
T .

A. Example 1: Collision Avoidance

We validate the effectiveness of the proposed method in the
collision avoidance task. The environment of this example is
illustrated in Fig. 6. There are two types of obstacles in the
environment. The first type of obstacles restrict the motion of
the quadcopter base and the size of the flight corridor. The
collision avoidance for this type of obstacles is achieved by
the flight corridor. The second type of obstacles restrict the
motion of the Delta arm and must be avoided through the
motion planning of the Delta arm. In Section V-C, we propose
an iterative collision avoidance method to avoid the second
type of obstacles. In order to show its effectiveness, the result
of the motion planning with the collision avoidance method is
calculated.

Fig. 6 shows the results of the motion planning with the col-
lision avoidance method and without the collision avoidance
method. The generated flight corridor is shown in Fig. 6(a).

As shown in Fig. 6(b), there are four obstacles near the
object. In particular, the aerial manipulator collides with one of
these obstacles in the resulting trajectory without the collision
avoidance method. The collision area is shown as a red dot
line in Fig. 6 and its length is 0.26 m. The resulting trajectory
with the collision avoidance method is shown in Fig. 6 (see the
blue line). As can be seen, the result of the proposed method is
collision-free. The computational time for calculating the path,
flight corridor, and trajectory of the quadcopter in the collision
avoidance task is 11.8 ms, 20.7 ms, and 13.8 ms, respectively.
The computational time for calculating the trajectory of the
end-effector is 36.4 ms.

B. Example 2: Aerial Retrieval

The goal of this experiment is to retrieve an object by the
aerial manipulator. In the task, the aerial manipulator moves to
and picks up the object. Then, the aerial manipulator returns
to the start position. The start position is set as [0, 0, −2.00].
The position and the orientation angle of the object are
set as [0, −2.00, −1.24] and 0◦ (see Fig. 7(a)), respectively.
As shown in Fig. 7(b), screens are in the flight environment,
which needs to be avoided by the aerial manipulator in the
moving stage. The aerial manipulator is set to fly around the
screens. As shown in Fig. 7(a), there are three obstacles near
the object. The aerial manipulator has to avoid colliding with
these obstacles.

Fig. 7(b)-(d) shows the result of the aerial retrieval experi-
ment. The generated flight corridor is shown in Fig. 7(c). The
task duration of the experiment is 58 s. The mean tracking
error of the quadcopter base in the moving stage is 0.05 m,
while that in the manipulation stage is 0.01 m. The quadcopter
flies faster in the moving stage than in the manipulation stage.
However, the higher velocity also causes a larger tracking
error. The computational time for calculating the path, flight
corridor, and trajectory of the quadcopter in the aerial retrieval
task is 11.9 ms, 23.6 ms, and 11.9 ms, respectively. The com-
putational time for calculating the trajectory of the end-effector
is 25.7 ms. The attitude of the quadcopter in the manipulation
stage is shown in Fig. 7(e). The roll angle ranges from
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Fig. 7. Results of the aerial retrieval experiment.

0◦ to 2◦, and the pitch angle spans from −4◦ to 0◦. This
confirms that the assumption that the pitch and roll angles are
small in the manipulation stage is reasonable.

C. Example 3: Aerial Retrieval in the Complex Environment

To demonstrate the performance of our proposed method,
we conducted simulations in Gazebo and compared its results
with those of two baseline methods. The first baseline method
is a sampling-based method and proposed in [30]. This method
plans the path in the configuration space of the aerial manip-
ulator by the RRT* method and calculates the trajectories
based on the Bézier curve. The second baseline method is
a naive approach that decouples the planning problem for
the aerial platform and the Delta arm [33]. In this method,
the quadcopter flies over the object, descends in altitude, and
then stays hovering to manipulate the object. The trajectory

of the quadcopter can be calculated by the method proposed
in Section IV. The obstacles near the target can influence the
calculations of the motion planning (see Fig. 8(a)). The flight
environment of this experiment is intentionally designed to
be complex, aiming to simulate real-world scenarios with a
higher level of complexity (see Fig. 8(b)).

Fig. 8(c) shows the results of the three methods. The
proposed method outputs the trajectories of the quadcopter
and the end-effector in ΣI . The sampling-based method pro-
vides trajectories in the configuration space, resulting in the
trajectory of the quadcopter in ΣI and the trajectory of the
end-effector of the manipulator in ΣD . For display purposes,
the result of the end-effector is converted into the trajectory in
ΣI . The naive method outputs the trajectory of the quadcopter
in ΣI .

To further verify the performance of the proposed method,
a quantitative comparison between the results of the proposed
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Fig. 8. Results of the aerial retrieval experiment in the complex environment.

TABLE I
QUANTITATIVE COMPARISON BETWEEN THE RESULTS OF THE PROPOSED METHOD, THE SAMPLING-BASED METHOD, AND THE NAIVE METHOD

method, the sampling-based method, and the naive method is
given in Table I. Compared with the sampling-based method,
the proposed method performs better in terms of computa-
tional time and task duration. The computational time of the
proposed method is 0.19 s, while the computational time
of the sampling-based method is 89.41 s. Compared to the
sampling-based method, our proposed method can reduce the
computational time by 99.7%. This is because sampling-based
methods necessitate dense sampling in a 6-DoF configuration
space to avoid obstacles, which significantly increases com-
putational time. The duration of the whole task using the
proposed method and the sampling-based method is 72.0 s
and 96.0 s, respectively. Compared to the sampling-based
method, our proposed method can reduce the task duration
by 25.0%. This reduction is particularly significant during
the manipulation stage, where it is reduced by 50%. This
is because the proposed method allows real-time closed-loop
tracking of the end effector in Cartesian space, enabling fast
completion of the task. Real-time closed-loop tracking of the
end-effector can reduce the duration time by allowing higher
velocities. The error of the end-effector increases with higher

velocities of the aerial manipulator. Real-time closed-loop
tracking helps mitigate this error. In contrast, without real-
time closed-loop tracking, the end-effector’s error may become
too large, resulting in task failure. Therefore, without real-time
closed-loop tracking, the aerial manipulator’s velocity must be
kept relatively low. This leads to a longer duration time for the
baseline method compared to the proposed method. Compared
with the naive method, the proposed method performs better
in terms of task duration. The proposed method can reduce the
duration of the manipulation stage by 68.0%. This is because,
in the naive method, the quadcopter needs to remain stationary
for a certain period to ensure the accuracy of the manipulation.

Remark 1: The comparison between the proposed method
and the first baseline method is mainly to highlight the
advantages of the proposed decoupled motion planning frame-
work over the coupled algorithms that plan trajectories in
the configuration space with a sampling-based method. The
resulting computational time of this method is 89.41 s while
our’s is significantly reduced. The resulting computational time
is reasonable since a similar result can also be found in Table I
of [30].
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Fig. 9. Results of the aerial transport experiment.

D. Example 4: Aerial Transport

The goal of this experiment is to grasp an object and put it
on the target location. In the task, the aerial manipulator first
flies to and picks up the object. Then, the aerial manipulator
flies to the target location and puts the object on the target loca-
tion. Finally, the aerial manipulator returns to the start position.
The start position is set as [0, 0, −2.00]. The position and the
orientation angle of the object are set as [0, 2.00, −1.22] and
0◦, respectively. The position of the target location is set as
[0, −2.00, −1.24]. The whole process of the experiment is
shown in Fig. 9(c). In the experiment, the aerial manipulator
is also set to fly around the screens to utilize the experiment
field. As shown in Fig. 9(a) and (b), there are two obstacles
near the object and three obstacles near the target location. The
aerial manipulator has to avoid colliding with these obstacles.

Fig. 9(c)-(e) show the result of the aerial transport exper-
iment. The generated flight corridor is shown in Fig. 9(d).
The task duration of the experiment is 88 s. The mean
tracking error of the quadcopter base in the moving stage is
0.06 m, while that in the manipulation stage is 0.01 m. The
computational time for calculating the path, flight corridor,

and trajectory of the quadcopter in the aerial transport task is
12.3 ms, 19.8 ms, and 13.5 ms, respectively. The computa-
tional time for calculating the trajectory of the end-effector is
48.6 ms. The experiment result validates the effectiveness of
the proposed motion planning method in the aerial transport
task.

E. Example 5: Replanning

Since the proposed method is computationally efficient,
it inherently enables the capability for replanning. The goal
of this experiment is to demonstrate the proposed method’s
capability to replan trajectories in response to changes in the
object’s position. Initially, the proposed planner of the aerial
manipulator generates trajectories for retrieving the object
from its original location at [0, −1.8, −1.24]. Subsequently,
the object is relocated to a new position at [0, −2.2, −1.24],
prompting the planner to generate new trajectories for retriev-
ing the object from its updated location. As shown in
Fig. 10(a), numerous obstacles are present near the object,
necessitating the aerial manipulator to navigate carefully to
avoid collisions with them. In the experiment, the aerial
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Fig. 10. Results of the replanning experiment.

manipulator is also set to fly around the screens to utilize
the experiment field (see Fig. 10(b)).

Fig. 10(c) illustrates the results of the replanning experi-
ment. The blue line represents the original trajectory generated
by the proposed planner, while the green dotted line depicts the
replanned trajectory in response to the change in the object’s
position. The computational time for the original planning
is 82.3 ms, whereas the replanning process takes 36.2 ms.
The reduced computational time for replanning is attributed
to the absence of the need to recalculate the path and flight
corridor for the quadcopter. This experiment demonstrates that
the proposed method is capable of replanning.

VII. CONCLUSION

This paper proposed a novel partially decoupled motion
planning scheme of the aerial manipulator for the aerial
pick-and-place task. This method calculates the dynamically
feasible and collision-free trajectories of the flying base and
the manipulator respectively in Cartesian space. The proposed
geometric feasibility constraints can ensure the resulting tra-
jectories are coordinated to complete tasks. The proposed
method is verified by five experimental results. It is verified
by these experiments that the proposed geometric feasibil-
ity constraints can ensure the trajectories of the quadcopter
base and the end-effector satisfy the geometry of the aerial
manipulator. The results also illustrate the ability of the
proposed method to avoid obstacles. This ability is limited
by the partially decoupled structure since the obstacles near

the object are avoided by the Delta arm rather than the whole
aerial manipulator. However, in order to avoid large obstacles
near the object, both the quadcopter base and the Delta arm
must be used. Algorithms such as the bidirectional RRT and
optimization-based methods could be used to solve this chal-
lenge. This will be one important research direction for future
research. Although the proposed method is computationally
efficient and has the potential to replan new trajectories for
the aerial manipulator in response to unexpected situations,
the development of an efficient replanning framework is also
necessary. This constitutes another important research direc-
tion for the future.
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