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a b s t r a c t

To drive a group of agents to maneuver continuously with the desired collective forms, this paper
addresses a distributed formation maneuver control problem of directed networked high-order
multi-agent systems in arbitrary dimensions. Unlike the conventional methods where the target
formation is time invariant, we propose an affine formation method based on the properties of affine
transformation, in which the target formation can be time-varying and affinely transformed from
the given nominal formation. This paper provides and proves a sufficient and necessary condition
of achieving the directed graphical affine localizability, and it only needs that the leaders have a
generic configuration and the followers are accessible to the subset of leaders. To achieve the whole
formation maneuvers, assume that the leaders decide the whole formation’s maneuver actions, then
the control algorithms of the arbitrary-order integrator followers are proposed to track the time-
varying target formation and the global convergence of tracking errors is also proved. Furthermore, this
paper studies the practical problems of formation maneuvers when existing non-uniform time delays.
Finally, both two-dimensional and three-dimensional simulation examples are given to demonstrate
the effectiveness of theoretical results.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

This paper studies a multi-agent formation maneuver control
task to distributedly steer the agents to maneuver as a whole
such that the translation, orientation, scale, and other motions
in arbitrary dimensions, and the desired geometric patterns with
any given initial configurations can be achieved as well. The
desired patterns and maneuvers are crucial for some complex
tasks such as avoiding obstacles and passing narrow corridors.

Although there are numerous distributed formation control
approaches in the existing literature, most of them cannot solve
the formation maneuver control task studied in this paper. These
methods can be classified by the definition of the desired ge-
ometric pattern of the target formation. Among three popular
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approaches in the recent surveys (Oh, Park, & Ahn, 2015; Zhu,
Xie, Han, Meng, & Teo, 2017), e.g., the target formation is defined
according to relative displacements (Dong & Hu, 2017), relative
distances (Sun, Park, Anderson, & Ahn, 2017) or relative bear-
ings (Zhao & Zelazo, 2019) of neighboring agents. The cases in
the presence of time-varying target formation shapes have not
yet been sufficiently tackled. Inspired by the shortcomings of the
three schemes, scientists and engineers have tried to integrate the
properties of special consensus into the design process of forma-
tion maneuver controllers. Then, many novel types of constant
constraints are used to define the target formations like complex
Laplacians (Lin, Wang, Han, & Fu, 2014) and stress matrices (Zhao,
2018). The control approach based on complex Laplacians can
simultaneously perform translational, rotational, and scaling for-
mation maneuvers (Han, Wang, Lin, & Zheng, 2016), but it is
confined in the plane. The latter method is invariant to any affine
transformation of required target formations in arbitrary dimen-
sions. By combining the properties of both affine transformations
and stress matrices, Zhao (2018) proposes an affine formation
maneuver controller to achieve various maneuvers, such as a
translation, rotation, scaling, or even shape deformation of the
target formations.

Directed networks and high-order dynamical models for for-
mation maneuvers are two challenging problems for real-world
implementations, and they have not yet well solved. The stress
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matrices-based formation maneuver control protocols in Zhao
(2018) are merely able to be applied to simple conditions, i.e.,
undirected graphs and low-order integrator dynamical models.
Also, the networks between neighboring agents usually have
orientations, and bidirectional measurements in Zhao (2018) are
difficult to realize. For directed graphical cases, Xu, Zhao, Luo,
and You (2018) proposes a signed Laplacian-based formation
maneuver control scheme. The signed Laplacian offers a strong
solver to obtain sorts of formation maneuvering behaviors. After
investigating the existing literature for tackling multi-agent sys-
tems (Li, Ren, Liu, & Fu, 2013; Meng, Lin, & Ren, 2012; Ren, 2007,
2008; Song, Cao, & Yu, 2010), the high-order integral dynamic
model therein has a means of being categorized into a particular
case of general linear dynamics, which plays an essential role in
the trajectory tracking problems as described in Cheng, Wang,
Hou and Tan (2016) and Cheng, Wang, Ren and Hou (2016). In
practice, the motion of every leader can be simplified to be a
sequence of suitable reference points in corresponding dimen-
sions, and the apt order trajectory that passes these points is
generated by the spline or polynomial interpolation (Richter, Bry,
& Roy, 2016; Xu, Lai, Li, Luo, & You, 2019). Then, the followers
are controlled to track these generated trajectories of leaders.
As a result, the formation maneuver control problems can be
formulated regardless of whether the leaders and followers are
homogeneous or heterogeneous. It should be mentioned that the
leaders usually take up a small proportion of the whole formation,
and for the maneuverability of formation, their trajectories can be
generated by intelligent path planners.

We also tackle another two untouched practical problems
of formation maneuvers in the existing work. Firstly, based on
the distributed property along with exchanging networks, the
performance of multi-agent formation controllers is usually sub-
ject to various time delays inside information flows. Existing
time delay algorithms can be categorized as uniform and non-
uniform types (Dong, Han, Li, Chen, & Ren, 2016; Dong, Li, Ren,
& Zhong, 2015; Hou, Fu, Zhang, & Wu, 2017; Huang, Fang, Dou,
& Chen, 2014). For the motivation of applications, time delays
induced by measurement constraints are best to be modeled
by non-uniform ones. Secondly, with proportional (P)-type or
proportional–derivative (PD)-type protocols, the steady-state for-
mation error induced by the leaders cannot be eliminated under
some circumstances, e.g., occurring the constant inputs of leaders.
To address this limitation, an integral term of the formation
error is augmented, and the controllers become proportional–
integral (PI)-type or proportional–integral–derivative (PID)-type.
Motivated by the properties of PID-type algorithms in Lombana
and Di Bernardo (2015, 2016), if leaders and followers are het-
erogeneous and the trajectories of leaders have the higher order,
then high-order integral and derivative terms of the formation
error can be integrated into the controllers.

The main contributions include three aspects:

(i) The necessary and sufficient condition for the directed
graphical affine localizability is analyzed and proved, which
holds in arbitrary dimensions. Superior to our previous
work (Xu et al., 2018; Zhao, 2018), a more flexible condi-
tion of only the generic partial nominal configuration of the
leader subsystem is provided.

(ii) The motions of leaders can determine the whole forma-
tion maneuver actions, which are represented as connected
polynomial trajectories. We then propose a PIn-type linear
formation maneuver control law for the high-order inte-
gral followers. The global convergence analysis of tracking
errors is also proved.

(iii) We deal with the affine formation maneuvers in the pres-
ence of practical conditions, e.g., time delays exist during

Fig. 1. Two examples to illustrate 3-reachable and non 3-reachable conditions.
(a) All the nodes v1 , v2 , and v3 are 3-reachable form the root set R = {r1, r2, r3},
and there exists a spanning 3-tree. (b) Node v3 is not 3-reachable form set R
after removing node v2 .

the information exchange. Unlike time-domain Lyapunov-
type functional approaches (Dong et al., 2016, 2015), the
upper bound of delays is proved in the frequency domain,
and the delays can be non-uniform and time-varying.

Notations: Let R denote the set of real numbers, C denote the
set of complex numbers, 1n stand for a n-dimensional vector of
ones, and In represent a n × n identity matrix. Denote ⊗ as the
Kronecker product, diag(·) the diagonal matrix, Re(·) the real part
of a complex number.

2. Preliminaries and problem statement

2.1. Directed graph theory

A directed graph G = (V, E) contains a node set V = {1, 2, . . . ,
N} and an edge set E ⊆ V × V . Denote Ni as the in-neighbor set
of the node i, where Ni = {j : (j, i) ∈ E}. A path is a sequence of
edges in a directed graph of the form (i, i + 1), (i + 1, i + 2), . . ..
Throughout this paper, it is assumed that the directed graph is a
fixed topology and does not have any self-loops.

For a directed graph G, we cite the definitions of κ-reachable,
κ-rooted, and spanning κ-tree from Lin, Wang, Chen, Fu, and
Han (2016). The corresponding examples of 3-reachable and non
3-reachable graphs are shown in Fig. 1.

In the sequel, we introduce the notion of a special Laplacian:
a signed Laplacian Ls is associated to a graph with real weights
ωij ̸= 0 that may be positive or negative. For the Laplacian Ls,
the off-diagonal entry Ls(i, j) = −ωij if j ∈ Ni and 0 otherwise,
whereas the diagonal element Ls(i, i) =

∑
k∈Ni

ωik. Besides, Ls is
normally an asymmetric matrix and Ls1N = 0.

2.2. Problem statement

In this paper, we consider a group of N mobile agents in Rd

and d ≥ 2. Define the leader subset containing Nℓ agents as
Vℓ = {1, 2, . . . ,Nℓ}, and the follower subset containing Nf =

N − Nℓ agents as Vf = V\Vℓ. The whole group of positions y =

[yT1, y
T
2, . . . , y

T
N ] ∈ RdN of N agents can constitute a configuration.

The positions of leaders are yℓ = [yT1, y
T
2, . . . , y

T
Nℓ

]
T and those

of followers are yf = [yTNℓ+1, y
T
Nℓ+2, . . . , y

T
N ]

T respectively, thus
y = [yTℓ , y

T
f ]

T .
The agents exchange information via a directed interaction

graph G, and suppose that every leader does not interact with
the other leaders and access the information from the followers. A
formation (G, y) represents a directed graph G with the position yi
mapped from the ith node. Then the nominal formation associated
with G is defined as (G, r), and r = [rT1 , r

T
2 , . . . , r

T
N ]

T
= [rTℓ , r

T
f ]

T
∈

RdN is constant and called as nominal configuration. The affine
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image of the nominal configuration r is defined as A(r) = {y ∈

RdN
: y = (IN ⊗ A)r + 1N ⊗ b,∀A ∈ Rd×d,∀b ∈ Rd

}, where (A, b)
is the affine transformation.

In the sequel, we introduce the affine span as S = {
∑N

i=1 aiyi :

ai ∈ R for all i and
∑N

i=1 ai = 1}. The dimension of the linear
space is just the dimension of the affine span. If the dimension
of the affine span is d, then we say that these positions affinely
span in Rd. Additionally, if these scalars {ai}Ni=1 except all zeros
cannot satisfy

∑N
i=i aiyi = 0 and

∑N
i=i ai = 0, then we call

this condition as affinely independent. With the definition of a
configuration matrix in Zhao (2018), it implies that there exist at
most d + 1 positions and then {yi}Ni=1 are affinely independent
in Rd.

Let differentiable yi(t) ∈ Rd as the position of the ith agent at
time t . Then, assume that the leader i ∈ Vℓ can move along the
prescribed nth-order polynomial trajectory continuously

yi(t) = ai0 + ai1t + · · · + aint
n, (1)

where aik ∈ Rd with k = 0, 1, . . . , n. Then, the time-varying target
formation is y∗(t) = [Id ⊗ A(t)] r + 1N ⊗ b(t), where A(t) ∈ Rd×d

and b(t) ∈ Rd are continuous for t and time-varying, y∗(t) is in
A(r) for all t .

In this paper, we want to solve the following problems:

Problem 1. Over the directed interaction graphs, the formation
maneuvers for high-order multi-agent systems can be achieved
such that all agents are always inside the target formation.

Problem 2. The corresponding affine formation maneuver con-
troller under the non-uniform time delay graphical condition also
needs to be designed.

3. Main results

3.1. Properties of affine localizability

Localizability identifies whether or not a network can be pos-
sibly localized by the leader locations and inter-neighbor relative
information. Based on network localizability and affine trans-
formation, the nominal formation (G, r) is said to be affinely
localizable if the following two conditions are satisfied simulta-
neously: (i) for any y = [yTℓ , y

T
f ]

T
∈ A(r) in RdN , yf can be

determined by yℓ uniquely; (ii) for G and y, there is a signed
Laplacian Ls ∈ RN×N associated with G such that (Ls ⊗ Id)y = 0.
In this definition, the first condition is for selecting leaders, and
the second one considers the directed graphical condition. In the
sequel, we make an assumption as follows, and a theorem of the
necessary and sufficient condition to fulfill the affine localizability
also can be deduced.

Assumption 1. The given nominal configuration rℓ of Nℓ leaders
satisfies {ri}i∈Vℓ affinely span in Rd.

Theorem 1. Under Assumption 1, the given nominal formation
(G, r) of N agents in Rd is affinely localizable if and only if Vℓ in
G has d + 1 leaders and every follower in Vf is (d + 1)-reachable
from Vℓ.

Proof. (Sufficiency) The underlying directed graph G must be
(d + 1)-rooted, and it has a spanning (d + 1)-tree under Lemma
2.1 in Lin et al. (2016). There exist Nℓ(= d + 1) leaders inside Vℓ
and Nf (= N − d − 1) followers inside Vf . Suppose that there is a
signed Laplacian Ls associated with G, and it must contain d + 1

all zero rows corresponding to Vℓ. Then, Ls can be partitioned into
the following four blocks

Ls =

[
0(d+1)×(d+1)
ℓℓ 0(d+1)×(N−d−1)

ℓf

Lsf ℓ
(N−d−1)×(d+1) Lsff

(N−d−1)×(N−d−1)

]
.

With Lemma 4.1 in Lin et al. (2016), it implies that rank(Ls) =

N − d − 1 and Lsff is nonsingular. By introducing d + 1 linearly
independent bases of Ls, we can deduce that the rank of Lsf ℓ is
d+ 1. Since G has a spanning (d+ 1)-tree, there are exactly d+ 1
in-neighbors for these nonroot nodes of followers. For the given
nominal configuration r , assume that there exists another signed
Laplacian Ls

′

with G′ satisfying (Ls
′

⊗Id)r = 0. Under Assumption 1,
{ri}Ni=1 as well as {ri}i∈Vℓ affinely span in Rd, and Ls

′

has the same
zero or nonzero pattern of elements as Ls. It can be obtained that
rank(Ls

′

) = rank(Ls) = N−d−1 satisfies. Besides, G′ is a subgraph
inside G, G′ has weights of additional edges in G being zero. By
using the fact that either a polynomial is zero or it is not zero
almost everywhere, we can obtain that (Ls ⊗ Id)r = 0.

In the sequel, under Assumption 1 and Lemma 3 in Zhao
(2018), A(r) has the same dimension of the null space of Ls ⊗ Id.
For any y ∈ A(r), we can obtain that (Lsf ℓ ⊗ Id)yℓ + (Lsff ⊗ Id)yf =

0. Thus, yf can be uniquely determined by yℓ if and only if Lsff
is nonsingular. It implies that yf can be calculated by yf =

[−(Ls
−1

ff Lsf ℓ) ⊗ Id]yℓ uniquely. Above all, the affine localizability of
the given nominal formation (G, r) of N agents can be realized.

(Necessity) Here, we use the positions y, r ∈ RdN as the
specific case to make the corresponding contradictions. If the
given nominal formation (G, r) is affinely localizable, then there
exists a signed Laplacian Ls associated to G satisfying (Ls⊗Id)y = 0
for y ∈ A(r). Under Assumption 1, for any y ∈ A(r), there is (A, b)
satisfying yi = Ari+b, i ∈ Vℓ and yi = Ari+b, i ∈ Vf . Suppose that
{ri}i∈Vℓ cannot affinely span in Rd, there must exist infinite so-
lutions of the affine transformation. This implication contradicts
Assumption 1, and there exists another value of pf , thus the affine
localizability cannot be achieved and the contradiction occurs.

With Lemma 1 in Zhao (2018), it implies that rank(C̄(rℓ)) =

d + 1 and the minimum number of leaders is d + 1. Moreover,
if there are more than d + 1 leaders in Rd, an overdetermined
linear system always occurs, and these positions of leaders need
to depend on each other. If there exists a node in the set R and it
is not a root. Then, under this condition that the leader number
must be less than d+ 1, which contradicts the inference that the
minimum number of leaders is d + 1. Therefore, R must be the
root set, and there are d+1 leaders exactly. Besides, by removing
any path, it can be verified that there does not exist any follower
that is not (d + 1)-reachable from Vℓ. ([Lsf ℓ, L

s
ff , 0] ⊗ Id)y = 0, and

the zero vector 0 has corresponding rows to these non (d + 1)-
reachable followers. Then, we can find that [Lsf ℓ, L

s
ff , 0] is not

full rank. There are d + 1 leaders, and rank(Ls) ≤ N − d − 2.
Since the affine localizability can be achieved, rank(Ls) = N −

d − 1. The contradiction occurs, thus every follower must be
(d + 1)-reachable from the leader subset Vℓ. Here we complete
the proof. □

Now, another assumption is provided about the directed
graphical condition of the nominal formation.

Assumption 2. Assume that the root set of given graph G
of N agents contains d + 1 leaders, and each follower can be
(d + 1)-reachable from the leaders.

Assumptions 1 and 2 imply a critical mathematical premise:
The block of the signed Laplacian Lsff needs to be nonsingular.
Besides, the number of agents N ≥ d + 2 since there exists at
least one follower. Given a nominal formation (G, r) that satisfies
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Assumptions 1–2, it has the property of (Ls ⊗ Id)r = 0, then these
off-diagonal weights ωij can be computed by

∑
j∈Ni

ωij(rj − ri) =

0, i ∈ Vf , and the solution of Ls may be not unique. In this paper,
we assume that the formation of leaders is always inside the
desired target formation, i.e., yℓ(t) = y∗

ℓ(t) for all t . Then, the
control objective of formation maneuvers is modified to design
the control law ui(t) for these followers to achieve yf (t) = y∗

f (t)
as t → ∞.

3.2. Affine formation maneuver control law

For a real-world task, we cannot exactly obtain the exact
dynamical models of leaders and only take the measured tra-
jectories of leaders (1) as the reference signals. The mth-order
translational dynamics of the ith follower can be described as

Dmyi(t) = ui(t), i ∈ Vf (2)

where yi(t) ∈ Rd represents the position vector, m ∈ Z+ denotes
the relative derivative degree, and ui(t) ∈ Rd is the corresponding
control input. Here, we set the symbol D as the differential
operator, i.e., Dyi(t) = ẏi(t) and Dnyi(t) = D(Dn−1yi(t)) = yni (t).
The inversion of D can be an integral operation like D−1yi(t) =∫ t
0 yi(s)ds.
We propose a PIn-type affine formation maneuver control law

for the followers i ∈ Vf as

ui(t) = −

lm−1∑
l=0

klDm−l−1di
∑
j∈Ni

ωij
(
yi(t) − yj(t)

)
, (3)

where lm = max{m, n + 1}, and {kl|l = 0, 1, . . . , lm − 1}, di,
ωij are parameters to be determined. For instance, if the relative
derivative degree m = 1 and the order of leaders’ trajectories
n ≤ 1, then we can find lm = n + 1. Before moving forward, we
rewrite (1) and (2) to the matrix–vector form as

Dϑi(t) = (E ⊗ Id) ϑi(t), i ∈ Vℓ,
Dϑi(t) = (E ⊗ Id) ϑi(t) + (F ⊗ Id) υi(t), i ∈ Vf ,

(4)

where ϑi(t) = [yTi (t),DyTi (t), . . . ,D
lm−1yTi (t)]

T , υi(t) =

Dlm−1ui(t),

E =

⎡⎢⎢⎣
0 1 · · · 0
...

...
. . .

...

0 0 · · · 1
0 0 · · · 0

⎤⎥⎥⎦ ∈ Rlm×lm , F =

⎡⎢⎢⎣
0
...

0
1

⎤⎥⎥⎦ ∈ Rlm .

Under Assumptions 1–2 such that Lsff satisfies nonsingularity,
there exists a permutation matrix M such that all the leading
principal minors of MLsffM

T are nonzero. According to Theorem
1 in Ballantine (1970), it can be obtained that a diagonal matrix
D′ makes all the eigenvalues of D′MLsffM

T locate in the right-
half plane. In addition, M has the property of M−1

= MT , thus
D′MLsffM

T
= M(MTD′MLsff )M

T . It implies that both D′MLsffM
T

and MTD′MLsff have the same eigenvalues. Since MTD′M is also
diagonal, then let D′′

= MTD′M , and the diagonal entries of D
corresponding to zero eigenvalues constitute Id+1. The form of D
can be partitioned into D = diag(Id+1,D′′). After premultiplying
the diagonal D, these eigenvalues of DLs have d+ 1 zeros and the
rest with positive real parts. This diagonal matrix D is called as
the stabilizing matrix, and by partitioning DLs into blocks, then
we define L̄sf ℓ = D′′Lsf ℓ and L̄sff = D′′Lsff .

Here, we define Θℓ(t) = [ϑT
1 (t), . . . , ϑ

T
Nℓ
(t)]T , Θf (t) =

[ϑT
Nℓ+1(t), . . . , ϑ

T
N (t)]

T , and K = [klm , klm−1, . . . , k0]. Since the
leaders satisfy Θℓ(t) = Θ∗

ℓ (t) always holds during the movement.
For the followers Θ∗

f (t) = [−(L̄s
−1

ff L̄sf ℓ) ⊗ Ilmd]Θ
∗

ℓ (t), we define the

tracking error of the followers as Θ̂f (t) = Θf (t) − Θ∗

f (t). In the
sequel, we can obtain

DΘ̂f (t) =
(
INf ⊗ E ⊗ Id − L̄sff ⊗ FK ⊗ Id

)
Θ̂f (t). (5)

The transformation of L̄sff needs to be given here. Denote a non-
singular matrix Uf ∈ CNf ×Nf satisfying U−1

f L̄sffUf = Jf , where Jf is
the Jordan canonical form of the matrix L̄sff with diagonal entries
λi, i ∈ Vf satisfying Re(λ1) ≤ · · · ≤ Re(λNf ). Then, we define
Θ̃f (t) = (U−1

f ⊗ Ilmd)Θ̂f (t). By rewriting the equation of (5) as

DΘ̃f (t) =
(
INf ⊗ E ⊗ Id − Jf ⊗ FK ⊗ Id

)
Θ̃f (t)

=
[(
INf ⊗ E − Jf ⊗ FK

)
⊗ Id

]
Θ̃f (t).

(6)

Then a theorem is given as below, which proves the convergence
of tracking error Θ̂f (t) under the proposed control law (3).

Theorem 2. Under Assumptions 1–2, if the leaders move along
the polynomial trajectories y∗

ℓ(t), then the tracking error Θ̂f (t) of
the followers under the control law (3) converges globally and
exponentially to zero if and only if E − λiFK is Hurwitz, {λi, i ∈ Vf }

are the diagonal entries of Jordan canonical form Jf of L̄sff .

Proof. If and only if E − λiFK for all the followers i ∈ Vf can
achieve Hurwitz, then we can find that INf ⊗ E − Jf ⊗ FK is also
Hurwitz. From (6), it implies that Θ̃f (t) can converge globally and
exponentially to zero. In the sequel, by utilizing the nonsingular
matrix Uf to transfer (6) back to (5), we can obtain that INf ⊗

E − L̄sff ⊗ FK satisfies Hurwitz. Therefore, the actual tracking error
Θ̂f (t) of the followers also can achieve exponential stability to
origin. Here the proof completes. □

Since Theorem 2 has been proven, a method to design the
control gain matrix K needs to be provided as the following
theorem.

Theorem 3. If E − λiFK , i ∈ Vf is Hurwitz, then K = c[Re(λ1)]−1

R−1F TP, where a threshold constant c > 0.5, and P is the positive
solution of the algebraic Riccati equation PE+ETP−PFR−1F TP+Q =

0, where R = RT > 0, and Q = Q T > 0.

Proof. Consider the stability of the following subsystems of the
followers i ∈ Vf as

ψ̇i(t) = (E − λiFK )ψi(t). (7)

By establishing a Lyapunov function as

Vi(t) = ψH
i (t)Pψi(t). (8)

Since K = c[Re(λ1)]−1R−1F TP and PE+ETP = PER−1F TP −Q , one
has

V̇i(t) =ψH
i (t){(1 − 2c[Re(λ1)]−1Re(λi))·

(PFR−1F TP) − Q }ψi(t).
(9)

Under Assumptions 1–2 such that Lsff is nonsingular, and further
L̄sff has all positive real-part eigenvalues. Then, according to the
definition of λi, i ∈ Vf , it has the property 0 < Re(λ1) ≤ Re(λi).
If ψi(t) is stable, then V̇i(t) < 0. Since P > 0 and R = RT > 0, it
implies that PFR−1F TP ≥ 0. It is also known that Q = Q T > 0,
thus 1−2c[Re(λ1)]−1Re(λi) < 0 should be satisfied. With c > 0.5,
it can be obtained that V̇i(t) < 0 and ψi(t) is stable. Therefore,
the tracking error Θ̂f (t) of the followers under the control law
(3) converges globally and exponentially to zero. □
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Remark 1. A leader–follower structure is adopted in this paper,
and the affine formation control is similar to the containment
control in Cheng, Wang, Ren et al. (2016) since there are multi-
ple leaders from the directed graphical structure. However, the
containment control of the followers cannot be used to form
a particular shape, and their positions are randomly localized
inside the convex hull of the leaders. The affine formation control
approach can be applied to required target formation shapes,
whether or not the followers are inside the convex hull spanned
by the leaders, and the followers can converge into the spec-
ified target formation. Besides, compared with the control law
in Cheng, Wang, Ren et al. (2016), we need to premultiply an ad-
ditional parameter di in order to construct a stabilizing diagonal
matrix D. Then, D can place the negative real-part eigenvalues of
Lsff into the right half plane.

Remark 2. In practical implementation of applying the PI strat-
egy, the tracking errors of the followers may be amplified by the
small measurement errors. This might render the integral terms
unable to converge, and the integral action can be seen as the
secondary frequency control (Emma & Sandberg, 2017). The role
of the integral action is to eliminate any stationary frequency
control errors induced by P or PD control, and the transient per-
formance also improves simultaneously. In practice, anti-windup
strategies (saturations) can be added into the integral terms or
higher-order actions (e.g. PIn) can be used. For the condition of
installing relatively noisy measurement sensors, the PI strategy
can be further exploited into a multi-layer network structure
as (Lombana & Di Bernardo, 2016) by placing the proportional
action and the integral action on different directed edges between
neighboring agents respectively.

Remark 3. In this brief paper, we only consider that the het-
erogeneity may exist between the leader subsystem and the
follower subsystem, thus these leaders are homogeneous in the
leader subsystem and can only have different coefficients of the
polynomial, i.e., moving along their respective trajectories.

Remark 4. In reality, these differential items may be hard to
access, and the corresponding state estimators should be de-
signed to compensate the control performance. For the leaders,
they should be aware of own states like current positions and
corresponding any-order derivatives precisely. Thus, the leaders
do not need the estimators and can send their states to neighbors
directly. For the ith follower, we define the estimated state zi(t) =

[zTi1(t), z
T
i2(t), · · · , zTim(t)]

T
∈ Rmd. Besides, for the ith leader, it

implies that zi(t) = [yTi (t),DyTi (t), · · · ,D
m−1yTi (t)]

T
∈ Rmd. Then,

the state estimator of the ith follower is proposed as

Dzi(t) =
(
Ē ⊗ Id

)
zi(t) +

(
F̄ ⊗ Id

)
ui(t) −

(
K̄ ⊗ Id

)
·

di
∑
j∈Ni

ωij
[
(G ⊗ Id)

(
zi(t) − zj(t)

)
−
(
yi(t) − yj(t)

)]
, (10)

where the gain matrix of the estimator is K̄ ∈ Rm, G =

[1, 0, . . . , 0] ∈ R1×m, and Ē ∈ Rm×m and F̄ ∈ Rm have the same
arrangement of elements as E and F .

For each agent i ∈ V , after introducing the estimator, let
zi(t) = [zTi1, . . . , z

T
im(t)]

T , then we can replace (Dlyi(t) − Dlyj(t))
with (zil(t) − zjl(t)) for l = 1, 2, . . . ,m − 1. Thus, for the ith
follower, the tracking control law (3) can be modified as

ui(t) = − di
∑
j∈Ni

ωij

(
lm−1∑
l=m−1

kl
(
yi(t) − yj(t)

)
+

m−2∑
l=0

kl
(
zi(m−l)(t) − zj(m−l)(t)

) )
,

(11)

where convergence of tracking error Θ̂f (t) of the followers can be
proved by the input-to state stability in Khalil (2001).

3.3. Formation control subject to time delays

Suppose that there exist non-uniform time delays inside the
network, the formation control problem would be more com-
plicated. We propose the following time delay affine formation
maneuver control law based on (3) for the ith follower as

ui(t) = −

lm−1∑
l=0

klDm−l−1di
∑
j∈Ni

ωij
(
yi(t)

− yj(t − τij(t))
)
,

(12)

where lm = max{m, n + 1}, τij(t) is the non-uniform transmitted
information delay from the jth agent to the ith agent at time t .

Here, we partition L̄sff into two parts as L̄sff = Df − Af , where
Df is the diagonal part of L̄sff , and Af presents the adjacent matrix.
In the sequel, denote τk(t) ∈ {τij(t)}, k ∈ Q,Q = {1, 2, . . . , q},
q ≤ (NℓNf + Nf (Nf − 1)/2), and Ak = [Akij] is a matrix defined
as Akij if i ̸= j and τk(·) = τij(·), otherwise Akij = 0. Besides, it
has

∑q
k=1 Ak = Af . If the network is a fully connected directed

graph, then the total number q of different time delays attains its
maximum, i.e., NℓNf + Nf (Nf − 1)/2. Another assumption about
the time-varying delay is given as below.

Assumption 3. Assume that there exists the time-varying delay
τij(t) from the agent j to i at time t , τk(t) ∈ {τij(t)} for k ∈ Q,
0 ≤ τk(t) ≤ τ0, τ̇k(t) ≤ ck, τ0 is the maximum delay, and {ck} are
constants.

According to (5) and (12), consider the stabilities of the fol-
lowing Nf time delay subsystems for i ∈ Vf

DΘ̂
(p)
f (t) = Γ Θ̂

(p)
f (t) +

q∑
k=1

HkΘ̂
(p)
f (t − τk(t)), (13)

where Θ̂ (p)
f (t) is one dimensional component of Θ̂f (t) with p ∈

{1, 2, . . . , d}, Γ ∈ RlmNf ×lmNf and Hk ∈ RlmNf ×lmNf ,

Γ =⎡⎢⎢⎢⎢⎣
0Nf INf · · · 0Nf
0Nf 0Nf · · · 0Nf
...

...
. . .

...

0Nf 0Nf · · · INf
−k0Df −k1Df · · · −klm−1Df

⎤⎥⎥⎥⎥⎦ ,
Hk =⎡⎢⎢⎢⎢⎣

0Nf 0Nf · · · 0Nf
0Nf 0Nf · · · 0Nf
...

...
. . .

...

0Nf 0Nf · · · 0Nf
k0Ak k1Ak · · · klm−1Ak

⎤⎥⎥⎥⎥⎦ .
In the following, we tackle that problem with time-varying delays
based on the small-µ stability theorem (Gu, Chen, & Kharitonov,
2003). To apply this theorem, we should transfer the delay system
to a linear time-invariant plant and an upper bounded time delay
operator. By the Laplace transformation of (13), we can obtain
the following feedback interconnection of a linear time-invariant
plant along with a delay operator as

Θ̃
(p)
f = G(s)∆(Θ̃ (p)

f ), (14)

where Θ̃ (p)
f = [Θ̃

(p)T
f 1 , Θ̃

(p)T
f 2 , . . . , Θ̃

(p)T
fq ]

T with Θ̃ (p)
fk ∈ RlmNf , k ∈

Q. Let H =
∑q

k=1 Hk, and G(s) is the transfer function of a
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Fig. 2. Cubic nominal formation of 9 agents and corresponding configura-
tion matrix. Label leaders as pentagrams {1, 2, 3, 4} and followers as squares
{5, 6, 7, 8, 9}. The dashed edges are those ones that cannot be seen from the
front view.

multi-input multi-output system as

G(s) := [I, . . . , I]T (sI − Γ − H)−1
[H1, . . . ,Hq]. (15)

Then, we define the time delay operator as δτk(y) := y(t) − y(t −

τk(t)), and ∆ = diag(δτ1, δτ2, . . . , δτq), δτk is the casual operator
with bounded gain. Let w as the frequency of the signal after
the Fourier transforms in the time domain, and the theorem of
convergence is provided as follows.

Theorem 4. Under Assumptions 1–3, if the leaders move along
the polynomial trajectories y∗

ℓ(t), then the tracking error Θ̂f (t) of
the followers under the control law (12) converges globally and
exponentially to zero if the following two conditions are satisfied:

(i) all the eigenvalues of Γ + H have negative real parts;
(ii) the upper bound for the time-varying delays satisfies τ0 <(

w · maxh∈H
∑αh

g=1 |(ιw − γh)−g
| ·
∑lm−1

l=0 kl · ρmax
)−1 for

∀w ∈ (0,∞), where Γ + H has lmNf eigenvalues, we
denote H = {1, 2, . . . , lmNf }, and for h ∈ H such that
γh is the eigenvalue of Γ + H, ι is the imaginary unit,
αh is the algebraic multiplicity of γh, ρmax = ∥Af ∥∞ =

max(Nℓ+1)≤i≤N
∑N

j=Nℓ+1 |aij|.

Proof. First, we analyze the stability of Γ + H since the system
must be stable if τk(t) = 0. Under Assumptions 1–2, all the
eigenvalues of L̄sff have positive real parts. It can be seen that
Γ+H has no zero eigenvalue if L̄sff has no zero eigenvalue. Besides,
if condition (i) holds, all the eigenvalues of Γ + H have negative
real parts. As the same analysis in Theorem 2, the system with
zero delay is exponentially stable.

Then, we investigate whether the tracking errors at non-zero
frequency (i.e., w ∈ (0,∞)) would decay to zero. Let Λ be the
Jordan form of Γ + H , then

∥G(s)∆∥ ≤

[I, . . . , I]T (sI −Λ)−1
[sH1, . . . , sHq]∆ ◦

1
s


≤

[I, . . . , I]T (sI −Λ)−1
[sH1δτ1 ◦

1
s
, . . . , sHqδτq ◦

1
s
]


≤ sup

w

{
max

(sI −Λ)−1sH
max

k∈Q

δτk ◦
1
s

} .
According to the definition of off-diagonal matrix Af , we can
obtain that ∥H∥∞ =

∑lm−1
l=0 kl ·ρmax. Besides, ∥(sI−Γ −H)−1

∥∞ =

maxh∈H
∑αh

g=1 |(s − γh)−g
|, where γ lm − klm−1λiγ

lm−1
− · · · −

k1λiγ − k0λi = 0 for i ∈ Vf , and λi is the eigenvalue of Lsff .
With the small-µ stability theorem and Lemma 1 in Kao and

Rantzer (2007), if the time delay system is stable for τk ∈ [0, τ0],
the following inequality should be guaranteed for w ∈ (0,∞)

max
h∈H

αh∑
g=1

|(ιw − γh)−g
| ·

lm−1∑
l=0

kl · ρmax <
1
wτ0

, (16)

thus condition (ii) holds, and it is not necessarily satisfied at
w = 0. By the terminal value theorem of Laplace transforms, it is
readily seen that (Γ + H)Θ̃ (p)

f = 0 when s = ιw = 0 as w = 0.
Since the nonsingularity of Γ +H is satisfied under condition (i),
it implies that the tracking error of the followers would converge
to zero at w = 0. Here the proof completes. □

Remark 5. Similar to the method used in Theorem 4, a delay-
dependent condition for the time-invariant delay system can also
be proved, and the proof is omitted due to the page limit.

4. Implementation and simulation

We next provide two simulation examples to verify our pro-
posed theoretical approaches.

4.1. Affine formation maneuvers without time delays

In the first example, a cubic nominal formation (G, r) of 9
agents in R3 are as illustrated in Fig. 2. The leader number meets
4 = d+1 and their positions are not coplanar, and the underlying
G is 4-rooted. Thus, Assumptions 1 and 2 are satisfied. We can
obtain a signed Laplacian Ls with λ(Ls) = {0, 0, 0, 0, 1, 1,−0.5, 4},
and rank(Ls) = 4. The stabilizing matrix D is calculated as
diag(1, 1, 1, 1, 1, 1, 1,−1, 1) by Algorithm 1 in Xu et al. (2018).

The simulated results of the first example are shown in
Figs. 3–4. The quintic polynomials are chosen for the leaders
since a quintic polynomial in each axis has six coefficients that
make it satisfy the six boundary conditions on initial and terminal
position, velocity and acceleration for each leader. As can be
seen in Fig. 3, the cubic formation maintains maneuvering to
alter its centroid, scale, rotation, and other geometric patterns
via affine transformation to dodge obstacles, e.g., circling the
sphere and passing through a narrow corridor. The 2-norm form
of tracking error can quickly converge to zero as shown in Fig. 4,
and maintain nearly zero throughout the whole maneuvering
process.

4.2. Affine formation maneuvers with time delays

In the sequel, we take a triangle nominal formation of 10
agents for the second simulation example, which is as shown
in Fig. 5. Note that the configuration of nominal formation is
not generic because there exist collinear agents, but three lead-
ers are not collinear. Non-uniform time-varying delays satisfying
Assumption 3 are set for each edge, the maximum time de-
lay is τ0 = 0.5 s and maximum derivative of time delay is
0.9. The corresponding control gain calculated by Theorem 3 as
{3.0000, 13.1439, 27.2935, 34.2250, 27.2935, 13.1439}. The sim-
ulated formation of agents in Fig. 6 can maneuver from random
positions to a collinear shape. The tracking error converges to
zero relatively slow and contains a period of oscillation in the
initial part, which is caused by the non-uniform delays. Given the
same control gain, if selecting the larger τij, no maneuvers can be
acted.
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Fig. 3. A simulation example in Fig. 2 to illustrate time-varying affine formation maneuvers of double-integrator followers tracking quintic polynomial trajectories
under control law (3), where K = [1.2500, 5.4766, 11.3723, 14.2604, 11.3723, 5.4766]. The arrows of lines are omitted for the convenience of viewing.

Fig. 4. Simulated tracking error of followers in Fig. 3.

Fig. 5. Triangle nominal formation of 10 agents. Leaders are labelled as pen-
tagrams {1, 2, 3}, and followers are labelled as squares {4, 5, 6, 7, 8, 9, 10}. The
curved edges represent the ones that are collinear with other edges.

5. Conclusions

This paper proposes an innovative affine formation maneuver
approach based on the directed graphs. Our method can control
the followers with arbitrary-order integral dynamics to track
arbitrary-order polynomial trajectories of the leaders in arbitrary

Fig. 6. A simulation example in Fig. 5 to illustrate time-varying affine formation
maneuvers of fifth-order followers tracking cubic polynomial trajectories under
time delay control law (12) and simulated tracking error of followers.

dimensions successfully. As a consequence, time-varying forma-
tion maneuvers with the centroid, rotation, scales in different di-
rections, as well as other geometric patterns satisfying the affine
transformation, can be realized continuously. Compared with the
requirement of acceleration feedback for the time-varying states
of leaders in Zhao (2018), our proposed control laws in this paper
do not need the higher-order information and save costs of in-
stalling additional sensors onboard. Control schemes for existing
non-uniform time-varying delays are also designed for the sake of
piratical implementations, since the delays are always regarded
as the inherent characteristic of networked systems. Here we
list several important topics for future research. For instance,
the results presented in this paper may consider complicated
underactuated dynamics and motion constraints.
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