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Email: zhaoshiyu@westlake.edu.cn tify the equilibrium state in this case and conduct the controllability analysis

yet. In this article, we study the fault-tolerant property of VPP quadcopters
when one of the four VPPs fails to provide any forces or torques. We iden-

based on a linearized model. This shows that the system remains controllable
even if one propeller fails. As a result, simple linear-quadratic regulator con-
trollers can be used to control the platform. Although the controllability analysis
and controller are based on the linearized model, numerical simulation incor-
porating measurement noises and external disturbances verifies the theoretic

findings.
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1 | INTRODUCTION

Quadcopter unmanned aerial vehicles have become a popular platform for many aerial applications such as aerial
photography, surveillance, and transportation. Compared with other applications, safety-critical tasks such as parcel
delivery and passenger transportation pose higher requirements about the safety and reliability of the platform. To
improve the safety and reliability of the quadcopter platform, there are many methods.! One of them is to apply
the fault-tolerant control method, which allows the quadcopter to maintain a relatively stable state in the pres-
ence of one or more faults such as motor failures.>® This method has attracted extensive studies due to its great
importance.*”’

In this article, we study a specific yet important type of aerial platforms: variable-pitch propeller (VPP) quadcopters.
This type of platform is similar to conventional quadcopter platforms in terms both mechanical and control structures. The
key difference is that a VPP can adjust its pitch angle and hence generate both upward and downward thrusts. Although
the mechanics of VPPs are more complicated than conventional propellers, the overall mechanical structure and the
control system structure of VPP quadcopters are the same as the conventional ones.
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A slight mechanical complexity increase of the VPPs brings many interesting and attractive features. First, regard-
ing the direction of propeller thrust forces, each VPP can generate both upward and downward thrust forces, whereas
a fixed-pitch propeller of a conventional quadcopter can only generate upward thrust forces. This provides VPP quad-
copters with strong maneuverability. For example, a VPP quadcopter can hover upside down, which is not feasible for
conventional quadcopters. Second, regarding the control bandwidth, the magnitude of the thrust force generated by
a VPP can be adjusted efficiently by controlling the propeller pitch angle through the associated actuator of the VPP.
As a comparison, a conventional quadcopter can only adjust the force magnitude of a propeller by speed control. The
response of speed control is much slower than actuator control.®° This brings high agility to VPP quadcopters. Due to
these features, VPP quadcopters have attracted some attention recently.®-1> However, their potential has not been fully
explored yet.

In this article, we explore a new fault-tolerant feature of VPP quadcopters. For conventional quadcopters, when one or
more motors/propellers fail to work properly, the platforms usually become extremely hard to control and sophisticated
controllers must be designed.'*>!# More importantly, even under fault-tolerant controllers, conventional quadcopters with
faults are only able to fly in very special manners such as continuously rotating.!>'” By contrast, VPP quadcopters shows
strong fault-tolerant ability as we show in this article.

The contributions of this article are as follows. First, we conduct the controllability analysis of a VPP quadcopter with
one propeller failure based on the linearized dynamical model. It is shown that, when one propeller fails, all states of the
quadcopter remain controllable. For comparison purposes, we also analyze the controllability of fixed-pitch quadcopters
with one motor failure and show that fixed-pitch quadcopters are uncontrollable with motor failures. Second, we identify
the equilibrium point and derive the linearized dynamical model of VPP quadcopters. Based on the linearized model,
we design an linear-quadratic regulator (LQR) controller to handle propeller failure. Using this simple controller, the
VPP quadcopter can accurately track a given trajectory even if subjected to wind disturbances or noise. This property
is important for safety-critical tasks such as flying taxi, where it is necessary to transport the human passengers to a
safe place securely in the presence of propeller failures. Thanks for this property, VPP quadcopters provide an important
alternative platform for safety-critical aerial tasks.

It is worth mentioning that we do not consider fault detection, isolation, or switching controllers in this article. These
important topics will be addressed in our future work. The focus of this article is to explore the fault-tolerant ability of
VPP quadcopters, which has not been reported in the literature.

This article is organized as follows. Section 2 presents the dynamical model of VPP quadcopters in the presence of
one propeller failure. Section 3 presents the linearized model and analyzes the system controllability. Section 4 shows
comprehensive simulation results. Conclusions are drawn in Section 5.

2 | DYNAMIC MODEL OF VPP QUADCOPTERS

The mechanical structure of a VPP quadcopter is shown in Figure 1. It is notable that its overall structure is the same as a
conventional fixed-pitch quadcopter. The state vector is X = [x,y,2, ¢, 6, w,p, q,r,u,v,w]T € R2, where (x,y,2), (¢, 6, v),
(p,q., 1), and (u, v, w) denote the position, attitude, angular velocity, and linear velocity, respectively. The rotation from the
body frame to the global frame is described by the rotational matrix R € SE(3).
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" ¥ yaw front FIGURE 1 The mechanical structure of a variable-pitch

Ty propeller quadcopter



WANG ET AL. Wl LEY 30f14

Let fi. /5. f5.f4 be the forces generated by propellers 1 to 4, where propellers 1 and 3 spin clockwise and propellers 2
and 4 spin counterclockwise, and 7, 72, 73, 74 be the torques generated by propellers 1 to 4, respectively.
The dynamics of the VPP quadcopter are described by
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where [ is the length of each quadcopter arm, m is the mass of the quadcopter, g denotes the gravitational constant, and
I, I, I, are the moment of inertia. In our work, suppose m = 1kg, g = 10m?/s, and [ = 0.35 m.
The control inputs, w = [y, Uy, Uz, us]” € R*, are

u; h+h+f+1

U H-h
us fa—F2
Uy TN — Ty + 73— T4

The pitch angle of VPP propeller i is denoted as «;, which could be positive or negative. The spinning speed of motor
i is w;, which is positive. The force and torque generated by VPP propeller i are

fi = khiola;, (3)

T, = kza)i2 + k3wi2al.2 + kyw;a,

where ky, k,, ks, k4 are constant parameters determined by the motor and air resistance.'®!° In our work, suppose k; =
5%1077,ky =1x 1073, k3 = 2% 1071%, and k4 = 4 x 1077, Note that the torque generated by a VPP can be nonzero even
when the pitch angle and its force are zero.

There are two types of power supply modes for VPP quadcopters. One is the centralized power mode, where the spin of
all propellers is powered by a central motor placed at the center of the quadcopter. In this case, all the propellers have the
same and fixed spinning speed.?° The other is the decentralized power mode, where the spin of each propeller is powered
by an independent motor. In this case, the spinning speeds of different propellers may be different.” In this article, we
consider the decentralized power mode, where both «; and w; can be adjusted independently by each propeller. In this
work, suppose that the maximum spinning speed of each independent motor is 10 000 rpm, and the pitch angle of each
propeller varies in the interval of [-15, 15] deg ([—0.26, 0.26] rad). Substituting Equation (3) into Equation (2) gives
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U = kl(w%al + wgaz + w§a3 + a)ia4),
_ 2 2
Uy = k(w303 — wjay),

2 2
us = kl(w4a4 — w5az),

_ 2 2 2
Uy = kx(w3 + o] — 5

22 22 22 22
+ k3(w3a; + wjey — w0, — wjay)

2
— a)4)

+ ky(wzaz + w101 — w000 — W4Q4).

When there is a propeller failure, u would be different. Without loss of generality, suppose propeller 1 fails such that
it provides zero force and zero torque. That is, f; and r; are always zero. Then, u becomes

2 2 2
u; = k(w50 + w303 + wya4),
2
U, = k1w3a3,
_ k 2 2
uz = ky(wyas — wiaz),

2 2 2
Uy = ka(w3 — 05 — )

+ kg(a)gag - w%af - wiai
+ ka(wsaz — w05 — w404). 4)

Although propeller 1 fails, there remain six independent control quantities, w,, ws;, w4 and ay, a3, a4. To generate
desired u, the six control quantities are still redundant, which is the fundamental reason why the system remains
controllable in the presence of a propeller failure.

3 | LINEARIZATION AND CONTROLLABILITY ANALYSIS
In this section, we identify the equilibrium point of the system in the presence of a propeller failure, linearize the system

at the equilibrium point, and conduct controllability analysis. To limit the risk of excessive vibration or propeller stall,
we assume that all w; are bounded by [0, 10 000] rpm and all &; are bounded by [—0.26, 0.26] rad.

3.1 | Equilibrium point

Consider a desired state

x* = [¢*,)",2",0,0,9*,0,0,0,0,0,0]".
In order to keep the system at this state, the input must be
u* = [mg,0,0,0]". ©)

Substituting Equation (5) into Equation (4) yields

mg = klwgaz + k1w§a3 + klwim;, (6)
0 = kiwjas, (7
0= kla)i(u - kla)gaz, (8)

2 2 2
0 = kx(w3 — w5 — wy)
2 2 2 2 2 2

+ ky(w30; — w05 — wjiay)

+ k(w3 az — w205 — waas). )



WANG ET AL. Wl LEY 50f14

The next step is to solve the above equations. Equation (7) implies that w§a3 = 0. It is implied from Equation (9) that
w3 # 0; otherwise, the right-hand side of Equation (9) is less than zero. As a result, we know a3 = 0 and w3 # 0, which
means that propeller 3 still spins but with zero pitch angle. On the other hand, Equations (6), (7), and (8) imply

mg

kla)gaz = kla)iom = 7, (10)

which means that propellers 2 and 4 provide forces to counter gravity. Without loss of generality, suppose
wy = wy. (11)
As aresult,
a = aa, (12)

Substituting Equations (11) and (12) into Equation (9) gives
k2w§ =2(k2a)§ + k3w§a§ + k46()202). (13)

Substituting Equation (10) into Equation (13) yields

2
k
kza)§ =2 lkz(l)% + k3 <—mg > + 4mg] =r1r(wy), (14)

k_% 2602

where r(w;) represents the right-hand side of Equation (14).
Next we identify the range of the value of r(w,). The derivative of r(w,) with respect to w, is

ksm?g®>  k
dr(w;) —2( 2k, — 3m°g Kamg _ (15)
dw, 2w} 2kw;

By analyzing Equation (15), we notice that r(w,) is a monotonically increasing function when w, € [0,10 000]. In
addition, Equation (10) implies that, when the pitch angle takes the maximum value a, = 0.26, the rotating speed
would take the minimum value w, = 6201. As a result, @, € [6201, 10 000]. Substituting the interval into Equation (14)
gives r(w;) € [0.7714, 2]. Meanwhile, the left-hand side of Equation (14) satisfies k2w§ € [0,1] when w; € [0,10 000]. By
combining the bounds of the left- and right-hand sides of Equation (14), we know

kw} = r(wy) € [0.7714,1]. (16)

Substituting Equation (16) into Equation (14) yields w, € [6201, 7067] and w3 € [8782,10 000]. We simply choose
w3 = 9000, an intermediate value in [8782, 10 000]. Note that w; remains constant all the time.

By substituting w; = 9000 into Equation (14), we can obtain four solutions: @} = —217, 227, 6355, and —6365. As
w, € [6201, 7067] as aforementioned, a); = 6355 is the only feasible solution. Then, substituting co; into Equation (10)
gives a; = 0.2476.

Letz = [w;, a3, a3, a4]”. It follows from the above analysis that, in order to keep the system at the state x*, z should be

7" = [wz, a;, a;", a:] T
—[6355,0.2476,0,0.2476] .

3.2 | Linearized model

To linearize the nonlinear dynamical system, consider z = z — z* and X = x — x*. Let F(X, z) € R!2 be the right-hand side
of Equation (1). Then, the linearized model is

X = AX + BZ,
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where
FX,z
A= (%,2)
ox N
X=X",Z2=Z
[ 0343 03x3 O3x3 Isxs
_| 033 O3 Taxs O3 c RIX2
03x3 03x3 O3x3 O3x3
| O3x3 Esx3 03x3 Oax3
[ gsiny™® gcosy™ 0
Ess = | —gcosy™ gsiny™ 0 |,
0 0 0
and
0FXX,zZ
p- Fx2)
0z R
X=X*,2=Z
[ 0 0 0 0 ]
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
=| 0 hy 0 0 € R'>4,
—hgliy 0 —h4é ng —np
—m ms —mMy —073 — 04
0 0 0 0
0 0 0 0
ki w2 ki w2 ko
| lezz le32 Zla’42 12
with

_ *2
h,l' = kla)l. .
m; = 2k3alfkcof2 + kyo},

l
n; =2k o —,
I,
i

0; = 2k} + 2k3a>*al.*2 + k4al.*)IL,
v

kq
pi = ZEa);‘ai*.

3.3 | Controllability analysis of VPP quadcopters

It can be calculated that the rank of the controllability matrix is rank(Q) = rank[BABA’B ... A!'B] = 12. As a result, the
controllability matrix is of full row rank. Hence, all the states remain controllable when one propeller fails. Although
the controllability is analyzed based on the linearized system, we show later by simulation that the nonlinear model of a
VPP quadcopter can be fully controlled around the equilibrium point. This is a significant advantage of VPP quadcopters
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compared with the conventional ones. The fundamental reason of this advantage is that the VPP control system has eight
independent control inputs, whereas a conventional quadcopter only has four. In the future, we will study control of VPP
quadcopters subject to two or more propeller failures.

3.4 | Controllability analysis of conventional quadcopters

For comparison purposes, we analyze the controllability of conventional fixed-pitch quadcopters with one motor failure
in this section. We consider a specific mechanical configuration where motors located on arms with the same axis spin
in opposite directions. For such a configuration, a fixed-pitch quadcopter has an equilibrium when one motor fails.

Suppose propeller 1 of a conventional quadcopter fails to provide any thrust or torque. The dynamical model (1) and
input Equation (4) also apply to the conventional quadcopter. The only difference is that the pitch angles @; in Equation (4)
are identical and constant and hence could be merged with the coefficients k; in Equation (4) to form a new coefficient
k., where the subscript c denotes “conventional”. Note that motor 2 and motor 4 spin in opposite directions such that
there exists an equilibrium state when motor 1 fails. As a result, Equation (4) becomes

_ 2 2 2
Uy = ke (w, + o, + o),
_ 2
Uy = kg,

2 2
Uz = kcl(a)c4 - wcz)’

Ues = k02(a)§3 - wgz - a)§4)
+ kes(wez — 0z — @ca), (17)

with k1, ke2, kc3 as constant parameters. As can be seen from Equation (17), w.; with i = 2, 3, 4 are the independent control
quantities. Denote z; = [0¢2, @3, Wcq]” .
Next we need to identify the equilibrium point and linearize the model. Consider the equilibrium state

Xt = [x2.¥2.22,0,0,9¢,0,0,0,0,0,0] .

It can be calculated that, in order to stay at the equilibrium state, the control quantities should be

o2 D3 w&] ’
_[mg , me
B 2kcl’ ’chl ’

z: =|o

Let z. = z. — z} and X; = X, — X:. The linearized dynamical equation is

);(c = Ac)_(c + Bczc’ (18)

where

_ OF(X, Z)

aXC X =X5,Z =2

03x3 03x3 O3x3 Iax3
03x3 0O3x3 I3x3 O3x3
_ e R1212,
03x3 03x3 O3x3 O3x3

| 0353 Ecaxs O3x3 O3x3

[ gsiny? gcosy 0
Ecx3 = | —geosy gsiny O |,
0 0 0
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and
B. = OF (X, Z)
aZC X =X} Z =L
[ 0 0 0 ]
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
— x L 12x3
- 0 kclwc3 I_x 0 eR 5
l l
—kclwzzl— 0 kcla);;”—
y ¥y
r —r3 bt )
0 0 0
0 0 0
i Z%Clwiz &mdw; 21{7010)34 i

. l
r = —2k02wci + kcgl—,
Z

with I3 as identity matrix.
Let kalw?, /I = ¢1, —kalo}, /I, = ¢, r2 = r4 = ¢3, and 2k @}, /m = c4. Then, the controllability matrix Q. is given in
equation

Q. = [B: AcB. AZB. ... Al'B(]

0O 0 O 0 0 0 0 —c80c8

00 0 0 0 000 0 00

0 0 0 c4 0O cau 0 0O 0 00O
000 00O 000 0 00O

0 0 0,0 ¢ 000 0 00

0 0 0 ¢; ™ —c; 000 0 00 Ops

= N (19)

000 00O 000 0 O00O0
—~ 0 ¢, 0 00O 0 00 0 0O

s = —; 0 00 000 000

0 0 0 0 O O —cg0cg 0 0O
000 00O 000 O0O00O0
s 006 00 0 000 0 00 |

It can be counted that the rank of controllability matrix is rank(Q.) = 8. Since the full row rank of Q. is 12, the
linearized system is not fully controllable and there are four uncontrollable modes.

Next, we conduct controllability decomposition to identify the uncontrollable states. Define a new state as %, = T;'X,
where T, is a transformation matrix. It follows from the linearized model in Equation (18) that

%. = T:'AT X, + TS 'BoZe.. (20)
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Following the controllability decomposition procedure,?! take 10 linearly independent columns of Equation (19) and
add four custom columns to make T, nonsingular, as in

"0 0 0 0 0 0 0 —-,g00007
000 00O 0O 01000
0 0 0 ¢cg6 0 cg O 0 0000
000 00O 0O 0 0100
0 0 0,0 ¢ O 0 0000
0 0 0 c ";3’ —¢c; 0 0 0000

Te=1' 9 0 0 0 06 0 0 0 0010 ey
¢ 0 ¢, 0 00 0 0 0000
¢ ";3’ ¢ 0 00 0 0 0000
0 0 0 0 0 0 —5g 0 0000
0 00 00O O 0 0 0001
| ¢ 00 ¢, 00 0O 0 0 0000]

Then, the new state could be partitioned into controllable component %X. and uncontrollable component %;., and
Equation (20) becomes

!/
ic _ Ac A12 ic Bc =
ol = [ Re] [] o [3]= &
Substituting Equation (21) into %, = T¢'X, yields

r X1om X8
2Cy 2C2
X9 | C3Xg
= 4 ==
Cs C2Cs
X8 X12
= 4 ==
2C2 2C4
X3 Xs
2C4 2C2
X6 , C3Xs
Cs C2Cs
X5 X3
+ =
2(.‘2 2C4
X10

8
X1

8
X2

261
Il

X4
X7

X11

According to Equation (22), the last four elements of X, correspond to uncontrollable modes. Hence x;, X4, X7, and x;
are uncontrollable. Here, x, and x; represent ¢ and p, respectively, and x, and x;; represent y and v, respectively.

4 | CONTROLLER DESIGN AND SIMULATION VALIDATION
41 | Controller design
Unlike conventional quadcopters, a VPP quadcopter remains controllable in the presence of one propeller failure. There-

fore, simple LQR controllers can be designed based on the linearized model derived in preceding sections. This is an
advantage of VPP quadcopters compared with the conventional ones.
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FIGURE 2 Three-dimensional trajectory in scenario 1
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FIGURE 3 Simulation results for scenario 1

4.2 | Simulation examples

‘We next present three simulation examples to verify the effectiveness of the proposed results. In the simulation, suppose
propeller 1 fails to work and hence it gives zero thrust force and zero torque. In the simulation, we model the actuator and
speed control of a VPP as a first-order transfer function to approximate their dynamics. The cutoff frequency is chosen as
10 Hz.



WANG ET AL.

Wl LEY 11 of 14

FIGURE 4 Three-dimensional trajectory in scenario 2
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FIGURE 5 Simulation results for scenario 2

4.21 |

Scenario 1: No noise nor disturbance

10
time [s]

In this scenario, we assume that all the states can be measured perfectly and there are no external disturbances. The
reference trajectory is a continuous circle combined with increasing altitude and varying orientation.

Simulation results are shown in Figures 2 and 3. As can be seen, the quadcopter remains fully controllable though
one propeller fails. Here, the reference tracking is achieved by tracking a moving target point with desired position and

altitude.
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\ —Actual trajectory
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FIGURE 6 Three-dimensional trajectory in scenario 3
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FIGURE 7 Simulation results for scenario 3
4.2.2 | Scenario 2: Measurements with noise

In scenario 2, the quadcopter needs to track the target points varying from [0, 0, 0], [0, 0, 5], [5, 0, 5], and finally to [5, 5, 5]
attime ¢ = 0, 2, 5, 10, respectively. The desired yaw angle changes from zero to 0.1 rad at t = 1. During the whole process,
noise with the signal-to-noise ratio as 15 dB is added to all the feedback states.

Figures 4 and 5 show the tracking performance of the VPP quadcopter. The quadcopter can quickly track the reference
in the presence of noise.
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4.2.3 | Scenario 3: Noise and external disturbance

In scenario 3, we assume that all the state measurements are corrupted by 15 dB signal-to-noise-ratio noise. More impor-
tantly, wind disturbance is considered. In particular, the wind disturbance is 4 m/s along x-axis and 4 m/s along y-axis
when ¢t > 1. The desired states are all set to 0. Figure 6 presents the reaction of a VPP quadcopter facing an external dis-
turbance and measurement noise. As can be seen in Figure 7, the pitch and roll angles of the quadcopter converge to
constant nonzero values to counter the wind disturbance.

5 | CONCLUSIONS

This article studied the control of a VPP quadcopter in the presence of a propeller failure. It has been shown that the
VPP quadcopter remains fully controllable and a simple LQR controller has been designed. Although the controllability
analysis and controller design are both based on the linearized model, numerical simulation incorporating external dis-
turbances, and measurement noise has verified that the theoretical findings are still valid for the nonlinear dynamical
model. It is suggested that VPP quadcopters provide a promising platform for various aerial tasks. The proposed controller
could be extended to stabilize the quadcopter when the fault occurs during the normal flight in the future. In addition, we
will study other fault-tolerant problems such as failure detection, isolation, and switching control of VPP quadcopters.
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